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1 Introduction

In this paper, we consider the panel vector autoregressions (VARs) where the cross
sectional dimension (V) is large and the time series dimension (7') is short (typically
less than 10). Panel VARs with a short 7' have been investigated, for examples, by
Holtz-Eakin, Newey, and Rosen (1988) and Binder, Hsiao, and Pesaran (2005). While
these papers focus on the estimation of the slope coefficients, our focus here is on
the estimation of the impulse response functions (IRFs) and their confidence bands.
Following the traditional panel data literature, we assume that the slope coeflicients are
the same across different cross sectional units and there is no cross sectional dependence
after controlling for the fixed time effects. These two assumptions allow us to make
good long-horizon forecasts, especially when the forecasting horizon is comparable to
the time series length. This argument is consistent with the view of Binder, Hsiao,
and Pesaran (2005) who use short panel VARs to infer the long run properties of the
underlying time series.

For time series data, VAR models are typically estimated using the equation-by-
equation OLS as it is asymptotically equivalent to the full system-of-equations estima-
tor. For panel data VARs, the OLS estimator is inconsistent for a fixed T as N — oo.
In this case, the VAR models are typically estimated using the Anderson-Hsiao (1982,
hereafter AH) estimator or the Arellano and Bond (1991, hereafter AB) estimator.
These estimators can be applied to each equation in the VAR system or the full sys-
tem of equations. Holtz-Eakin, Newey, and Rosen (1988) pointed out that it may be
possible to improve the efficiency by estimating the system of equations jointly. We
show that, under the model specification given below, the equation-by-equation AH
or AB estimator is asymptotically equivalent to the corresponding system-of-equations
estimator.

Impulse response analysis in the time series setting has been examined by Baillie
(1987), Liitkepohl (1989, 1990), among others. However, there are two important
differences between the time series case and the short panel case considered in this
paper.

First, for time series VARs, the OLS estimator of the slope coefficients is asymp-
totically independent of the error covariance estimator while for short panel VARs the
AH or AB estimator of the slope coefficients depends on the error covariance estimator

even in the limit as N — oo for a fixed T. Due to the presence of the fixed individual



effects, the regressors in the short panel data VAR model are correlated with the re-
gression error. This nonzero correlation leads to the asymptotic dependence between
the slope coefficient estimator and the error covariance estimator.

Second, for time series VARs, the error covariance estimator based on the estimated
OLS residual is asymptotically equivalent to that based on the true error term. For
short panel VARs, the error covariance estimator has different asymptotic distributions,
depending on whether the error term is known or is based on consistent estimates of the
slope coeflicients. In other words, the estimation uncertainty of the slope coefficients
affects the asymptotic distribution of the error covariance estimator.

These two differences imply that the usual asymptotic results for orthogonalized
impulse responses are not applicable to short panel VARs. The main contribution
of the paper is to derive the asymptotic distributions of the orthogonalized IRFs for
short panel VARs. Based on our asymptotic result, confidence bands for the IRF's can
be easily constructed. Although impulse response analyses using short panels have
been employed in the empirical applications, to the best of our knowledge, no study
has reported confidence bands for orthogonalized IRFs that account for the estimation
uncertainty of the error covariance matrix. As a result, the reported confidence bands
are more narrow than they should be. This may lead to the finding of statistical
significance that does not actually exist.

The rest of the paper is organized as follows. Section 2 describes the vector autore-
gressions model for panel data and presents the GMM estimators of the slope coeffi-
cients and analysis-of-variance-type estimator of the error covariance matrix. This sec-
tion also establishes the joint asymptotic distribution of the slope coefficients estimator
and the error covariance estimator. Using the asymptotic results in section 2, section
3 derives the asymptotic distributions of the orthogonalized and non-orthogonalized
impulse response functions. The next section provides some simulation evidence and
the final section concludes. Proofs are collected in the Appendix.

Throughout the paper, vec denotes the column stacking operator and vech is the
corresponding operator that stacks only the elements on and below the main diagonal.
As usual, the Kronecker product is denoted by ®, the commutation matrix K, is
defined such that, for any (m x n) matrix G, Kynvec(G) = vec(G'), and the m? x
(m(m 4+ 1))/2 duplication matrix D,, is defined such that D,,vech(F) = vec(F') for
a symmetric (m x m) matrix F. Furthermore, D}, = (D}, D,,) " 'D}, and L, is the

(m(m +1))/2 x m? elimination matrix defined such that, for any (m x m) matrix F,



vech (F) = Lyvec(F).

2 The Model and Estimation

We consider a m-dimensional panel VAR(p) process:

wip = cH+Awi1+ ... FApwi—p ey (1)
€it = i+ A+Eit (2)

for t = Ty, Ti0 + 1,...,T; and ¢ = 1,2,..., N where w;; = (w1t,..., Wm,it)', A; are
(m x m) coefficient matrices, p;, Ay and e;; have zero means and are independent
among themselves and with each other. We allow for unbalanced panel data sets. For

individual 7, the time series starts at period T;9 and ends at period T;. We assume that
E(git|wit—1,...,wiT,) =0 for Tjo <t <T; (3)
and for Ty <t < s,

E (Ei,t€93|wi,t—1, ...,wi,TiO) = % i=jandt=s
' 0, otherwise
where X is a positive definite matrix.

The model is the same as that considered by Binder, Hsiao, and Pesaran (2005).
Here we do not specify the initial conditions for the VAR model as the asymptotic
properties of the GMM estimator used in this paper do not depend on how the process is
initialized. We focus on the GMM type estimator because it is widely used in empirical
applications, see, for example, Love and Zicchino (2002) and Gilchrist, Himmelberg,
and Huberman (2005).

Let

X
Yit = Wip = Wty Ci = [l = 35 Z,Mj, Ui = it — €.t (5)

j=1
where w.; €.; are the cross sectional averages of w;; and €;;, respectively. Due to
the possible unbalancedness, the cross sectional averages may be taken over different
numbers of observations for different periods. Writing the VAR system in terms of y; ¢,

we have

Vit =c+ Ayir—1+ .+ ApYir—p +ci +ui, t =Too+p, ..., T (6)



It is now well known that, due to the correlation between the fixed effect ¢; and
the regressors, the OLS estimator of A; based on equation (6) is inconsistent when T’
is small. To remove the fixed individual effect, we take the first difference of equation

(6), leading to
Ayir = AAYi 1+ oo + ApAYi 4 p + Auiy, t =Tio+p+1,...,T; (7)

The OLS estimator based on the above equation is still inconsistent because Au; ¢
is correlated with Ay;; 1. The standard GMM estimators of AH and AB employ
instruments that are orthogonal to Au; ;. For the AH estimator, the underlying moment

conditions are

T;
FE Z AUi7ty;7t_1_g =0 for £ = 17 27 ceeey D3 (8)
t=T;o+p+1

while for the AB estimator, the moment conditions are
E(Auigy;y qg) =0for £ =1,2,...t—1; t=Tpo+p+1,..,T. (9)
To write the equations in the vector form, we let

\A/ , = (Ala A2a ey Ap) ’

mxmp
and
Ayé,Tio-&-IH—l AugaTio-&-IH—l
' /
Ay; — Ayi7Ti0+p+2 , Au; _ Aui7Ti0+P+2 , (10)
(T;—Ti0—p)xm ) (T;—Ti0—p)xm .
Ay@Ti Aui,Tz’
Ayivtfl AXZ{7T1'0+P+1
Ay AX!
AXI"t — ylat 2 ) AXZ — Z,Ti0+P+2 . (1 1)
e v e
mpx1 (T;—T;0—p) xmp ,
then
vec(Ay;) = vec((AX;) A) + vec(Au;). (12)
In other words,
Ag; = AXZOé + vy, (13)



where
Ag; = vec(Ay;), AX; = (I, ® AX;), a=vec(A),v; =vec(Au;). (14)
m(T;—T;0—p)xm2p

To construct the instrument matrix, we normalize min (Tjo) to be zero and denote

T = max(T;). For the AH estimator, we let Zi = I, ® Z; where

/ /
Yi,00 - Yi Tig+p—1

/ /
ZZ _ y2’17 ceey yz,TZ’0+p 7 (15)

/ /
Yir—p-1>-Yi1,-2

is m(T; — Tjo — p) X pm matrix with all missing values replaced by zeros. For the AB

estimator, we first let

(yio, ...,ygyp71> 0 0

0 (vh00tp) O
20 Y002 Vi (16)

0 0 (yg’o, s yg7T_2>
which is an m(T'—p) xm (T'+ p — 1) (T’ — p) /2 matrix. Again the missing values of y; ;
in ZZQ are replaced by zeros. Next, we keep the rows of ZzO that correspond to periods
Tio +p+1,....,7; and remove the rest of the rows. We denote the resulting matrix
as Z;, an m(T; — Typ — p) x m (T +p — 1) (T — p) /2 matrix, and define Z; = I, ® Z;.
With these definitions of Z;, the moment conditions in (8) and (9) can be written as
EZ!v; = 0.
The GMM estimator of « is now given by

o= (SIZXWNSZ)()_l (SzxWnSzy) (17)
where
1L, 1.
- - 'AX. — "AT;
Szx = N ;1 Z;AX;, Szy N ;1 Z;Ay; (18)

and Wy is a weighting matrix that converges to W, a positive definite matrix as
N — o0.
To estimate the orthogonalized impulse response function, we need to estimate the

covariance matrix X. If the error term e;; in (1) is observable, then an analysis-of-



variance type estimator of 3 is given by

1 N 1 T;
5 - Gty — i) (e — a4
GNP e eI I R
= =Tio+p

(19)
where a dot in the subscript indicates the average over that subscript. Under the
assumption that all three components in e;; are normal, it can be shown that Y is
the best quadratic unbiased estimator. Since e;; is not observable, however, we must
replace it by some estimator of it. Given the estimate &, it is natural to estimate e; ¢

(up to an additive constant) by
it = Wit — (fllww_l + ...+ prl‘7t_p> . (20)

The resulting estimate of X is then given by

N T;

. 1 1 - - o,
5 o= big—Cp— &, +6.) (eip— by — ;. + 6.
- =Tio+p
1 N 1 T;
~ oA
- D D iy, (21)
(N—1) ilez_TLO_pt:Tio-i-p
where
ai’t == (yiﬂg — g’h) — 121/ (Xi,t — sz) 5 fOF t= TiO +p, ceny Tz (22)

We now consider the large N asymptotics for a fixed T First, under the assumption

of cross sectional independence and F || Z/AX;|| < oo, we have

N

. . 1
pyfim Sax = pfim 53 U © 2) (1 © AX)
1=
= 1,® (EZZ{AXi) = C for some matrix C, (23)

Second, we consider the asymptotic distribution of 1/v/N 2N | Zlv;. Let

1 -1 0 0
0O 1 -1 0
D; = 0 1 -1 0 (24)
0
0 0o 1 -

(T3 —p) x(T; =Ty0—p+1),



then

u;7Ti0+P
!/
U; m
v; = vee (Aw;) = (I, ® D;) vec tliotptl | (25)
u;TZ
which implies that
N -1 N -1
Evv; = <N) (Im ® Di) (2@ Ii1,-19—pr1)) (Im ® D}) = <N) ¥ @ D;D;
(26)
and
> /77 N -1 ! /
V = EZvplZ; = Y ® (EZD;D;Z;) . (27)

~ 249
Assuming that F ‘ Zlv; < oo for some § > 0 and invoking Lyapunov’s central limit
theorem gives
1
—— > Zjvi =4 N(0,V) with V =S ® (EZ{D;D;Z;). (28)
VNS

Combining (23) and (28), we get
VN(@ —a) — (C'WC) ™ CWE := N(0, Q0q) (29)

where

1

Qoa = (C'WC) T C'WVYWC (C'WC) ™ (30)

To minimize the asymptotic variance of the GMM estimator, we choose the weight-

ing matrix Wy such that its limit W = V~! (see, Hansen 1982). In this case,
Qe = (C'VICO)
-1
= o ((BAX/Z) (BZiD:DZ) " (BZ/AX)) =T2Q™  (31)

The above asymptotic variance can be also achieved by letting

N -1

1

Wy =1n® <N Z; Zz(DiD'/L'Zi> ; (32)
1=

in which case W = plimy_ oo Wn = I, ® (EZ{DiDgZi)fl . To see this, note that for

this choice of the weighting matrix, we have

CWVWC =%® {(EAX{ZZ») (EZ!D;D.Z;) " (EZ{AXi)} (33)
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and

cwe) ' =1, {(EAX{Zi) (EZ/D;D\Z;) ™ (EZgAXi)} : (34)

Therefore

Qo = 2@ ((BAX[Z) (EZDiD;Z) (EZ{AXZ-))A , (35)

which is identical to the asymptotic variance given in (31).

With the weighting matrix given in (32), the GMM estimator of & reduces to

N N -1/ N
& = wec (ZAX{Z) (ZZ{DZ-D;ZZ-) (Z (Z{AXl-))
=1 =1

=1

—1 N

N N
(Z AX{ZZ) (Z Z;DiD;Zi> Z(Z{Ayz-) . (36)
=1 =1

=1

This is the equation-by-equation GMM estimator. Therefore, we have shown that
the equation-by-equation GMM estimator is asymptotically as efficient as the system
GMM estimator. This result is analogous to the asymptotic efficiency of the equation-
by-equation OLS in an ordinary VAR system. Holtz-Eakin, Newey, and Rosen (1988)
pointed out the possibility of improving the efficiency by jointly estimating all equa-
tions in the VAR system. Our result shows that, under the assumption of conditional
homoskedasticity given in (4), there is no efficiency gain from joint estimation.

In the rest of the paper, we focus on the equation-by-equation GMM estimator

given in (36). Let

!
Wie = (w;,t—lv wz,',t—Zv "'7w;,t—p) ) (37)
Li=(Ti—Tiw—p), Mi=(T; —Tio—p)(Ti —Tio—p+1), (38)
1 X1 4 4
B = ~Plimy o > iy > e >owl ], (39)
i=1 " " t=Tjo+p t=T0+p

PP
LZ&E&(szLi) ! (40)

and

1 1 B
M= lim |~ : 4l
N%<N;(Ti—no—p)(ﬂ—ﬂo—p+l)) “

The following theorem establishes the asymptotic properties & and Y when N — oo

for a fixed T.



Theorem 1 Assume that € ~ 1idN(0,%). Then

\/N (6‘ - a) N lo Qoeoz Q,aa (42)
v/ Nvech <f) — E) d ’ Qoo Qoo
where
Qua=20Q" (43)
Qoo = D} (1, ®B) (E@ Q") — D} Ky (I ® B) (T2 Q) (44)
Qoo = (2 + 1> D), (o) (D)
oo E M m m
+D} (2@ BQ7'B) (DY) + D (BQ7'B @ %) (D)) (45)

+D) (S® BQ'B) K),,, (D}}) + D}, Ky (S@ BQ'B') (D))

Remark 2 For a time series VAR model with Gaussian innovations, the MLFEs of

a and ¥ have the following limiting distribution (c.f. Proposition 11.2 in Hamilton

(1994))

VT (aype — ) Y@ (EX[X) 0
VTvech (iMLE - z) a0 0 2D (S @ %) (D)
(46)
Comparing this with the limiting distribution in Theorem 1, we see that /N (& —a) is
not asymptotically independent of v/ Nvech (f] — Z) while \/T(dMLE — ) is asymp-
totically independent of \/Tvech (iMLE — E) . To construct valid confidence bands for
the IRFs from short panel VARs, we have to take the asymptotic dependence between

VN (& — a) and v/ Nvech (ﬁ] - Z) into account.

Remark 3 It follows from the proof of the theorem in the Appendix that the infeasible

estimator 3 satisfies

VNvech (2 - z) N <o, (; + ]\1_4> D (Z®Y) (D,i)’) . (47)

So the asymptotic variance of v/ Nvech <f] — E) differs from that of v/ Nvech (f] — E)

by a few extra terms. These extra terms capture the estimation uncertainty of the slope

coefficients.
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Remark 4 When T — oo, we have B — 0. So

VN (& — ) YeQ ! 0
R —qa N |0, . 4
VNvech (8-3%) | ! 0 2D (S®%) (D) ()

Therefore, the asymptotic dependence between \/N(d —a) and v/Nvech (f] — E) di-

minishes and the effect of estimation uncertainty dies out, as T — oo.

Remark 5 Note that the least squared dummy variable (LSDV) estimator is biased
and inconsistent because B # 0. The asymptotic bias of the LSDV estimator depends
on the magnitude of B. If we make a bias correction to the LSDV estimator, then the
bias corrected LSDV estimator is no longer asymptotically independent of S. In this
case, we should employ the limiting distribution similar to that given in Theorem 1

instead of (48).

Remark 6 Let P, P be lower triangular matrices such that PP' = ¥ and PP =3,

Then it follows from Theorem 1 and

Ovech(P) ;-1
V) (L (I + Ko) (P @ L) L' VY =2 1,
dvech (X)' {Lm (T2 )( ) L} 0
that
VN (& — «) Qaa QL H)
. —a N |0, . (49)
VNvech (P - P) HoQuo  HoQooH),

This joint distribution can be employed to derive the asymptotic distribution of a statis-
tic that is a function of & and P. Either the delta method or a simulation-based method

can be used.

3 Asymptotic Distributions of the IRFs

Since the impulse response function does not depend on the index ¢ and deterministic

variables in the system, without the loss of generality we consider the model
Y = Alytfl + ...+ Apytfp -+ Ug. (50)

Given the estimators & and i], our objective is to compute the IRFs and the associated

confidence bands.

11



Assuming that the process is stationary, we can write the model in the M A(c0)

form: o
Y = Z (I’jut,j (51)
=0
where ®¢ = I,,, and
P
(I)j = Zqu)j_g, 7=12,.. (52)
(=1

with ®, = 0 for s < 0. The matrix ®; has the interpretation: ®; = 0y;4;/0u;. The plot
of (k,0)-th element of ®; as a function of j is called the non-orthogonalized impulse-
response function. It describes the response of k-th element of ;1 ; to one unit impulse
in £-th element of y; with all other variables dated t or earlier held constant.

To estimate the non-orthogonalized impulse response, we plug the estimate A into
(52) and get <i>j =>0 Ag(i)j_g. The limiting distribution of i)j can be derived using
the delta method. More specifically, taking transposes of (52) and differentiating the

resulting equation with respect to ay, the g-th element of o yields:

0P, SOl P OA,
J o _ J 4
Gay Z A Z it 9,
P l
0A
_ Q-
— z_: o LA+ L, P, ...,@;_p]@. (53)
Consequently,
o’ Ld oo’ o
I =N A1, it I @ (@, @ . &) = (54
vec(aaq> ;( €® )Uec<8aq>+( []17 J—2 ]p])aaq ( )
Stacking the above equations gives
Ovec (@;) p Ovec (@;4) , /
T = Z(Ag &® Im) T + (Im & [ G—15 Fj—2y - @] p]) (55)
(=1
Let
dvec (cp;)
Go =0and G; =-—3—",7=12.. (56)
(m2xpm?2) (m2xpm2) Ooa
then )
= Z(Af ® Im)G]'*é + (Im ® [ ;‘—17 ;‘—27 ceny (I);—p]) (57)
(=1
with G; = 0 for j < 0. A closed-form solution for G is
Jj—1 e
1
Gj= B [® g By Z‘Pz®=] )~ (58)
=0

12



where J = [I),,0,...0] is an m X mp matrix and

Ay Ay o Ay A
In 0 0 0

F=| 0 I, 0 0 (59)
0 0 I, 0

A consistent estimator of G; can be obtained by plugging A and <i>j into the above
equation. The asymptotic distribution of the non-orthogonalized impulse response
function is

VNvee (ég - @;) L N(0,Gj20aGY). (60)

where €, can be consistently estimated by

1 & 1 & AR -

Do =2 ® <N > AX{Zl-) (N > Z;DiDgZZ) (N > Z{AXZ-> . (61)
i=1 i=1 i=1

In empirical applications, it is a standard practice to report the orthogonalized

impulse response function. Let PP’ = ¥ where P is a lower triangular matrix with

positive diagonal elements, then
o0 o0 o0
Y = Z Djup_j = Z o, P (Pilut_j) = Z @jét_j (62)
§=0 j=0 §=0

where ©; = ®;P and ¢_; = P_lut,j with var(e—;) = I,. The orthogonalized impulse
response function is the plot of (k, £)-th element of ©; as a function of j.

The orthogonalized IRF can be estimated by plugging the estimates <i>j and ¥ into
its definition. To derive the limiting distribution of éj, we use the delta method again.

Let

H =L, {Ln (Inz + Kpm) (P ® L) L1} (63)
and
Cj = (I, ® P') Gy, Cj = (¥, @ Iy) K H, (64)
then , N |
81}62 (E,@j) | vee 8(01; o)) e (%e; OS(I)J.) o )

13



and

ovec(6) _uee(PE) - vt
d [vech(T)) 0 [vech(X2)] 729 wech(S))
Ty M | K Ly, dvech (P)
- e 9 [vech(%)]' = (%5 @) 0 [vech(X2)]
= ((I)j ® Im) K H = C (66)

where the second last equality follows from Lemma 1 in Liitkepohl (1989). Therefore

V' Nvec (C:); — @;) 4N (0, 2?) , (67)
where
=, QOtOé Qﬁxa’ Cl
2 = [0;,G _J (68)
QOCO' QO’O’ C,
= CiQaCj + CjQ5C; + CiQ00oC + C;40,,C".

In the time series setting, the matrix Q,, = 0 (e.g. Proposition 1 in Liitkepohl
(1990)). As a result, the cross product terms CjQMC C; waCj’ are not present in the
asymptotic variance of the orthogonalized IRF. In contrast, 4, # 0 for short panel
VARs. In this case, it is important to include these cross product terms in computing
the asymptotic variance, especially when 7' is small.

To consistently estimate the asymptotic variance E?, we plug consistent estimators

of Cj,Cj, Qaas Qo and Qg into (68), leading to

0 A e SN
E] - CanaCj/' + CchroC],‘ + C]/'QCWC, + C Q:MTC],’ (69)
where
G = (In @ S7V) Gy, = (¥ @ L) K, (70)

and ) are defined in (43)—(45) with Q, B, ¥ replaced by

. 1 & g
Q:(NZAX )( ZZDD ) (NZZiAXz), (71)

i=1 i=1
1 X1 &
B = N Z ’L ﬂit — 'LALl’) (Xi,t — Xiyl),, (72)
i=1 t:T20+p
N T;
NN

Z T, — Tzo — Z Uit Uj ¢ (73)
1:1 t Tio+p

respectively.
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4 Simulation Evidence

In this section, we provide some simulation evidence on the accuracy of asymptotic
approximations to the sampling variability of the orthogonalized impulse response
functions.

We consider the panel VAR model defined in equations (1) — (4). To evaluate the
empirical relevance of the asymptotic distribution, we set the model parameters equal
to the estimates from the empirical study by Cao (2006). Using a panel VAR(4)
model, Cao (2006) studies how financial pressure affects agency costs for corporations
over time. There are four variables in the panel VAR system: a measurement of
financial pressure, a proxy for future profit opportunities, and two proxies for agency
cost. In the benchmark model, these four variables are: asset turnover, market to
book ratio, adjusted interest expense to net fixed assets ratio and selling, general and
administrative expenses to net fixed assets ratio. They will be labelled as varl, var2,
var3d, vard in the rest of this section. For more details on the construction of these
variables, see Cao (2006). For our purposes here, it suffices to describe the estimated

model parameters. They are given in Table 1.

Table 1: AR Parameters for the Panel VAR(4) Model

Ay Az
0.4959 0.0694 0.0133 -0.0004 0.0741 -0.0228 0.0420 0.0077
-0.1225 0.4235 -0.0833 0.0046 -0.1371  0.0427 0.0236 0.0368
-0.0780 -0.1079 0.4187 0.0318 -0.0304 0.0175 -0.2036 -0.0519
-0.1247 0.0381 -0.4184 0.2290 0.0447 -0.0254 0.1875 0.0156
As Ay

0.0795 -0.0057 -0.0028 -0.0036 0.0204 -0.0032 0.0207 0.0103
-0.0076 -0.0589 -0.0248 -0.0112 0.0117  0.0397 0.0238 0.0275
-0.0634 -0.0052 0.0526  0.0080 -0.0834 -0.0048 -0.1117 -0.0403
0.0054 -0.0035 0.0626  0.0084 0.0494 0.0059 0.1959 0.0871

The variance covariance matrix of the error term is estimated to be PP’ where

0.2755 0 0 0
0.1379  1.3589 0 0
—0.2613 —0.0345 0.5999 0
0.1799  0.0053 —0.1808 0.9724
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Given Aj, Ao, A3, A4 and P, we generate the data according to

Wiy = c+ Ajwii—1 + Aswi 2 + Asw;p—a + Agwi—a + €5y (74)
eir = pi+ A+ Peiy (75)

fori =1,2,...,N and t = 1,2,...,T where ¢ = (0,0,0,0)', \y ~ iid N(0,1), g;4 ~ iid
N(0,14) and p, is randomly drawn from the estimated fixed effects. For each given
sample size T, we set the initial values of the process {w;;} to be zero and generate a
4-dimensional time series of length 7"+ 20. We drop the first 20 observations to obtain
the simulated sample.

Figure 1 presents the impulse response function for the first variable (denoted as
varl) in response to one standard deviation (SD) shock to each variable in the VAR
system. The figure is reported here to illustrate the order of magnitude of the impulse
responses. Since P is a lower triangular matrix, the impulse responses in Figure 1(b)-
(d) start from zero. The impulse responses reported here represent a rich class of
dynamics embodied in the VAR system.

We consider different N and T combinations, i.e. N = 200, 300,400,500 and T" =
10,20. For each (N,T) combination, we estimate the model using the AB method
outlined in Section 2. To avoid the weak instrument program, we do not use the lagged
dependent variable dated too early as instruments. Instead, we set the maximum
number of lags of the dependent variable that can be used as instruments to be 4. Our
simulation results remain more or less the same when we set the maximum number of
lags to be 1, 2 and 3. Given the estimated parameters, we construct the orthogonalized
impulse response functions and the corresponding 95% confidence bands based on the
asymptotic distribution in (67). As a comparison, we also construct the 95% confidence

bands when ., and §2,, are set to be

ac = 0,
Qoo = (2 + 1> D (2 o) (D).
L M
In this case, the asymptotic dependence between vN (& — o) and v N (vechy —X) and
the additional randomness of /N vech(i] — X)) are ignored. We call the resulting con-
fidence band the naive confidence band and the one based on (67) the new confidence
band. For each confidence band, we compute its empirical coverage and average length

based 10000 simulations.
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Figure 2 graphs the empirical coverages of each confidence band against the fore-
casting horizons when N = 100 and 7" = 10. To save space, we only report the change
in the first variable in response to one standard deviation shock to each variable in the
VAR system. The qualitative results are similar for other cases. It is clear from the
figure that the empirical coverage of the new confidence band is closer to the nominal
coverage probability than the naive confidence band. For some scenarios, the new con-
fidence band dominates the naive confidence band by a large margin. The largest gain
in the empirical coverage occurs when we consider the impulse response of a variable to
its own shock. To sum up, the figure provides strong evidence that the new asymptotic
approximation is more accurate than the naive asymptotic approximation.

Figure 3 reports the average length of the 95% confidence interval at each forecast-
ing horizon. The figure reveals that the new confidence band is slightly wider than the
naive confidence band. This result, combined with the empirical coverage in Figure
2, shows that the naive asymptotic variance under-estimates the sampling variability
of the impulse response. A direct implication is that inferences based on the naive
asymptotic variance may lead to the finding a statistically significant relationship that
does not actually exist.

We now briefly comment on the figures not reported here. The qualitative results
remain valid for other values of N with 7' = 10. When T = 20, the advantage of the
new confidence band decays. This is consistent with the asymptotic theory. When T
goes to oo, the difference between the new confidence band and naive confidence band

disappears.

5 Conclusion

The paper establishes the asymptotic distribution of the orthogonalized impulse re-
sponse function for short panel VARs. Due to the correlation between the demeaned
regressors and the demeaned error term, the estimator of the autoregressive coefficients
and that of the error variance are not independent, even in large samples with a fixed
time series dimension. The dependence calls for adjustment for the asymptotic vari-
ance of the orthogonalized impulse response function. The failure of making such an
adjustment may lead to the spurious finding of a statistically significant result.

In practice, Monte Carlo methods are sometimes used to evaluate the sampling

variability of the orthogonalized impulse response function. The standard practice
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in the time series literature is to randomly draw autoregressive coefficients from the
asymptotic distribution of the estimator of the autoregressive coefficients, conditioning
on the estimated error variance. The use of conditioning is innocuous in large samples
when the estimator of the error variance is asymptotically independent of those of the
autoregressive coefficients. However, the asymptotic independence does not hold for
short Panel VARs. In this case, the standard Monte Carlo methods are expected to

give rise to confidence bands that are more narrow than they should be.
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Figure 1: Change in the First Variable in Response to One SD Shocks to the VAR
System
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Figure 2: The Empirical Coverages of Different Confidence Bands for N=100 and T=10
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6 Appendix

Proof of Theorem 1. We have established the asymptotic distribution of & in the
main part of the paper. It remains to establish the asymptotic distribution of 3 and

its relationship with &. Let L; = T; — T;9 — p, we write 3 in terms of the unobserved

error term:
1 X1 &
2= ot 2 lme-w) A (X - X
i=1 " t=Tio+p
. / _ _ N / _ !
— (A — A) (Xi,t - Xl,):| [(yi,t — :Ijl’) — A/ (X@t — X,L’) — (A — A) (Xi,t — Xz,):| 5
= i]*+fl+[2+]3 (76)
where
1 N 1 T;
o= -1 > = (uip — ;) (wip — ;)"
i=1 """ t=Tio+p

Iy = —<A—A)' ! g:l ET: (Xiy — Xi.) (g — i)'
3 (N— 1) : - . it T, it i) ¢

In view of A— A =0, <1/\/N) , we have VNI; = 0, (1). As a result,

\/N(E—z):\/N(E*—E)Jr\/ﬁfﬁx/ﬁlﬁop(l). (77)
To evaluate I and I3, we note that
1 N,
_ oy /
Wt o (e ) (K- X)
=1 t=Tjo+p
1 N,
= = T = = \/
B (N_l)ZE (eia —Eip = e +8) (Wi = Wi = Wor + W)
=1 t=T;0+p
I &1 &
= (N—l)zf (gix — 1) (Wi — W;, —W,t+W7)'
i=1 "' t=Tio+p
I &1 &
= (N —1) Zf Eit (Wz,t Wi, —W’t+W,)/+op (1) (78)

~
Il
—
~
I
=
o
+
S
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The first quantity in the above expression can be written as

N T, N
1 1 < 1 Li+1 _
E — E w E wi
(N =1 = Li 7= e (N-1)3 < Li ) T
i0TP 7

T; N
1 L;+1 _
E: 2 : / i - /
_1 €1t” t+(N—1) 1< Ll >€1,-”.7.

i=1t= T0+p i=

= Bixmp +0p(1)

where
1 N 1 T, T,
B=-Plim 5> 5P| 2 )| 2
i=1 t=T;0-+p t=Tio+p

a constant matrix and M; = L; (L; + 1). Therefore,

VNI = —B\/N(A—A) +o,(1), VNI3 = —\/N(A—A)/B’Jropu).

Combining (77) with (81) yields

m(z_z):m(z*_z)_gm(/x-A)_m(A_A)’BI+op<1>.

(81)

(82)

To derive the limiting distribution of v N (f] — E) , we consider each of the three

terms. First

T;

N
W(i*—z)zjﬁi; Y (e ) (e - )~ S| 40, (1)

t=Tio+p

1

I
Sl
™=
|

@
Il
—

T; T;

1
L

T;
5>
t=Tjo+p
T;
Y =Tio+p t=T;0+p t=T;0+p

T; T;

sl 5
i1

M-

s
Il
—

t=T;0+p s, t=Ty0+p,s#t

1 1
Li+1 Z (Ei,tf?;,t - E) M Z 6i,t6§7s +0,(1).

(81'715 — & — €.t — ?.7.) (5z‘,t — &, —E.t— 5.,.)/ -2 + Op (1)

1
5i,tsg7t—ﬁi Z Eit Z git| =X +o0,(1)

(83)

It follows from a proof similar to that of Proposition 11.2 in Hamilton (1994) that

1 1 2
vech ﬁzf Z €i €4 — —>N<0,LDTTL(Z®E)D;Z>.
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where . .
N - N -
- 1 1 1 1
L= 1 — — = li — - 85
Nféo(N;Li) N%<N;n—no—p> )
is the limit of the harmonic mean of the length of each time series. A standard

application of a central limit theorem gives

N T; T;
=>4 > e
=D 7 €it€is
\/N i=1 M; t=T;0+p s=Tio+p,s#t
1
- v (05D e R D). (36)
where
N —1 N —1
_ 1 1 1 1
M= lim | — — = lim | — .
N—o0 (N;Mz> N—>00(N;(Ti—Tio—p)(Ti—Tio—Ple))
(87)
The asymptotic variance is of the above form because
Z Z Z Z Evec (si,tsgﬁ) vec (E’i7l€'/£,m)/
t=T0+p s=T0+p,s#t I=Ti0+p m=T;0+p,l#m
T; T; T; T;
DD DD DD DR A CPL-ENI CEEA)
t=Tio+p s=Tio+p,s#t I=Tio+p m=T;0+p,l#m
T, T; T; T;
= D X D X Elasfia®ee)
t=T;0+p s=Tio+p,s#t I=T;0+p m=T;o+p,l#m
T; T;
=YY wes
t=T;o+p s=Tio+p,s7#t
= <(Ti —To—p+ 1) = (T, =T —p+ 1)) Lo

As a result

VNvech (2 - z) oy N <0, <i + z\14) D (2®Y) (D:g)') (89)

where we have used the asymptotic independence between the two terms in (83).
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vech [B\/JV (21 - A)} — Difuec (B\/N (A - A))
= D (I, ® B)vec (\/N (A - A))
— aN(0,D}(In ® B) (5@ Q") (In @ B') (D;}))
= 4N(0,D},(S® B)Q !B’ (D})"), (90)

vech {\/N (fl — A>/B’} = D vec <\/]V (fl — A),B’>
= D;{LKm’mvec (B\/N (A - A>>
= aN([0, D}y K (5@ BQT'B') Ky (D3]
= N([0. D} (BQ'B' %) (D})'] (1)
where we have used the properties of the commutation matrix: K, ,, (E ® BQ B’ ) =
(BQ’lB' ® Z) K m and Km,mK,'nm = I,,2. In addition,
cov (vech [B\/N (121 - A)} ,vech {\/N (A - A>/B/}> (92)
= D, (S®BQ'B) K, (D).
Therefore,
~ ~ /
BVN (A - A) +VN (A - A) B —4 N(0,Vap),
where
Vag = Dh(E®@BQ'B)(D}) + Dy (BQ7'B @) (D)
+D5(S® BQ'B)K}, ., (D) + DK (2@ BQT'B') (D}1).(93)
It is easy to show that v N (f]* — E) and /N (A — A) are asymptotically indepen-

dent. As a result,

VNvech (2 - E) — N(0, Qo). (94)

where

_ (2 1)\ +/
an - <T+M> Dm(2®2) (Dm)

+D) (X ® BQT'B' (D)) + D), (BQ™'B'® %) (D)

+D; (2 ® BQ'BK}, ,, (D) + D Ko (2 ® BQT'B) (D))" (95)
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Finally, we examine the asymptotic covariance between vech {\/]V (i} — E)} and
vec (\/N (A — A)) . Since VN (i* — E) is asymptotically independent of \/N(A—A),

the asymptotic covariance is given by
Quo = —cov (vech |BYN (A= A)] vec|[VN (4-4)])
o <h {\/ﬁ (4-a) B’} vee [VA (4 - A)D
— D} (n®B) (20Q ") = Df:Kpm(ln®B) (S@Q")  (96)

Combining (94), (96) and VN (& — a) —4 N(0,Q4q) completes the proof of the

theorem. m
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