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ABSTRACT

In time series regressions with nonparametrically autocorrelated errors, it is now stan-
dard empirical practice to use kernel-based robust standard errors that involve some
smoothing function over the sample autocovariances. The underlying smoothing parame-
ter b, which can be defined as the ratio of the bandwidth (or truncation lag) to the sample
size, is a tuning parameter that plays a key role in determining the asymptotic properties
of the standard errors and associated semiparametric tests. Small-b asymptotics involve
standard limit theory such as standard normal or chi-squared limits, whereas fixed-b as-
ymptotics typically lead to nonstandard limit distributions involving Brownian bridge
functionals. The present paper shows that the nonstandard fixed-b limit distributions of
such nonparametrically studentized tests provide more accurate approximations to the
finite sample distributions than the standard small-b limit distribution. In particular,
using asymptotic expansions of both the finite sample distribution and the nonstandard
limit distribution, we confirm that the second-order corrected critical value based on the
expansion of the nonstandard limiting distribution is also second-order correct under the
standard small-b asymptotics. We further show that, for typical economic time series,
the optimal bandwidth that minimizes a weighted average of type I and type II errors is
larger by an order of magnitude than the bandwidth that minimizes the asymptotic mean
squared error of the corresponding long-run variance estimator. A plug-in procedure for
implementing this optimal bandwidth is suggested and simulations confirm that the new
plug-in procedure works well in finite samples.
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1 Introduction

In time series regressions with autocorrelation of unknown form, the standard errors of
regression coefficients are usually estimated nonparametrically by kernel-based methods
that involve some smoothing over the sample autocovariances. The underlying smoothing
parameter (b) may be defined as the ratio of the bandwidth to the sample size and is
an important tuning parameter that determines the size and power properties of the
associated test. It therefore seems sensible that the choice of b should take these properties
into account. However, in conventional approaches (e.g., Andrews, 1991, and Newey and
West, 1987, 1994) and most practical software, the parameter b is chosen to minimize
the asymptotic mean squared error (AMSE) of the long-run variance (LRV) estimator.
This approach follows what has long been standard practice in the context of spectral
estimation (Grenander and Rosenblatt, 1957; Hannan, 1970) where the focus of attention
is the spectrum (or, in the present context, the LRV). Such a choice of the smoothing
parameter is designed to be optimal in the AMSE sense for the estimation of the relevant
quantity (here, the asymptotic standard error or LRV ), but is not necessarily best suited
for hypothesis testing and confidence interval construction.

In contrast to the above convention, the present paper develops a new approach to
choosing the smoothing parameter. We focus on two-sided tests and consider choosing b to
optimize a loss function that involves a weighted average of the type I and type II errors,
a criterion that addresses the central concerns of interest in hypothesis testing, balancing
possible size distortion against possible power loss in the use of different bandwidths. This
new approach to automatic bandwidth selection requires improved measurement of type
I and type II errors, which are provided here by means of asymptotic expansions of both
the finite sample distribution of the test statistic and the nonstandard limit distribution.

We first examine the asymptotic properties of the statistical test under different choices
of b. Using a Gaussian location model, we show that the distribution of the conventionally
constructed t-statistic is closer to its limit distribution derived under the fixed-b asymp-
totics than that derived under the small-b asymptotics. More specifically, when b is fixed,
the error in the rejection probability (ERP) of the nonstandard ¢-test is of order O (T *1)
while that of the standard normal test is O(1). The result is related to that of Jansson
(2004) who shows that the ERP of the nonstandard test based on the Bartlett kernel
with b = 1 is of order O(log T'/T"). Our result strengthens and generalizes Jansson’s result
in two aspects. First, we show that the log (T") factor can be dropped. Second, while
Jansson’s result applies only to the Bartlett kernel with b = 1, our result applies to more
general kernels with both b =1 and b < 1. On the other hand, when b is decreasing with
the sample size, the ERP of the nonstandard t-test is smaller than that of the standard
normal test, although they are of the same order of magnitude. As a consequence, the
nonstandard t-test has less size distortion than the standard normal test. Our analytical
findings here support earlier simulation results in Kiefer, Vogelsang and Bunzel (2000,
hereafter KVB), Kiefer and Vogelsang (2002a, 2002b, hereafter KV), Vogelsang (2003),
Gongalves and Vogelsang (2005) and ourselves (2005).

Our theoretical development is based on two high order asymptotic expansions. The
first is the expansion of the nonstandard limiting distribution around its limiting chi-
squared form. The second is the expansion of the finite sample distribution of the ¢-



statistic under conventional joint limits where the sample size T' — oo and b — 0 simulta-
neously. These higher order expansions enable us to develop improved approximations to
the type I and type II errors. More specifically, the type I error is measured by using the
first correction term in the asymptotic expansion of the finite sample distribution of the
test statistic about its nonstandard limit distribution. This term is of order O ((bT')™7)
where ¢ is the Parzen characteristic exponent that measures the degree of smoothness of
the kernel used. For typical economic time series, this term increases as b decreases for
any given T. Similarly, the expansion under the local alternative reveals that in general
the type II error decreases as b decreases. Thus, to this order in the asymptotic expan-
sion, decreasing b reduces the type II error but also increases the type I error. Since the
desirable effects on these two types of errors generally work in opposing directions, there
is an opportunity to trade off these effects. Accordingly, we construct a loss function
criterion by taking a weighted average of these two types of errors and show how b may
be selected in such a way as to minimize the loss. This method of choosing b is consistent
with the Neyman principle under which the probability of the type II error is minimized
after controlling for the probability of the type I error (see, for example, Gourieroux and
Monfort, 1995).

Our approach gives an optimal b which generally has a shrinking rate of at most
b=0 (T_‘I/ (‘IH)) and which can even be O (1) for certain loss functions, depending on
the weights that are chosen. Note that the optimal b that minimizes the asymptotic
mean squared error of the corresponding LRV estimator is of order O (T —2aq/ (2q+1)) (c.f.,
Andrews (1991)). Thus, optimal values of b for LRV estimation are smaller as 7' — oo
than those which are most suited for statistical testing. The fixed b rule is obtained by
attaching substantially higher weight to the type I error in the construction of the loss
function. This theory therefore provides some insight into the type of loss function for
which there is a decision theoretic justification for the use of fixed b rules in econometric
testing.

To implement the optimal bandwidth selection rule for two-sided tests in a location
model, users may proceed in the following steps:

1. Specify the null hypothesis Hy : 8 = 5y and an alternative hypothesis H; : |5 — So| =
co > 0, where ¢y may reflect a value of scientific interest or economic significance if
such a value is available. (In the absence of such a value, we recommend that the
user may set the default discrepancy parameter value 6 = 2 in (1) below).

2. Specify the significance level o of the test and the associated two-sided standard
normal critical value z, satisfying ®(z,) =1 — a/2.

3. Specify a weighted average loss function (see (69) below) capturing the relative
importance of the type I and II errors, and reflecting the relative cost of false accep-
tance and false rejection. Normalize the weight for the type II error to be to unity
and let w be the weight for the type I error.

4. Estimate the model by OLS and construct the residuals ;.



5. Fit an AR(1) model to the estimated residuals and compute

2P 6'2 _ i ZT: (/&t o [)at 1)2
A2 - 2 - b
(1-p) T t=1

5 = VTeo (1) 6, (1)

d=

where p is the OLS estimator of the AR coefficient. Set § = 2 as a default value if
the user is unsure about the alternative hypothesis.

6. Specify the kernel function to be used in HAC standard error estimation. Among
the commonly-used positive definite kernels, we recommend a suitable second order
kernel (¢ = 2) such as the Parzen or quadratic spectral kernel.

7. Compute the automatic bandwidth:

. 1/3
dlwGj(22)-G’% (22 _ 3
i) = (qg [ cz%(Ké)(zg)é( )]> T 2/37 d [ZUG{)(Zgl) - Gg(zi)] >0 (2)
(log T) /T, d [wGp(2]) = G5(22)] <0
where
_ | 6.000, Parzen kernel | 0.539, Parzen kernel 3)
| 1.421, QS kernel | 1.000, QS kernel ’

G (+) is the cdf of a (non)central chi-squared variate with one degree of freedom
and noncentrality parameter 62, and Kj (+) is defined in equation (41).

8. Compute the HAC standard error using bandwidth M = bT and construct the usual
t-statistic ¢;.

9. Let 23 = za + kgl; + k:4l32 where k3 and k4 are given in Table II. Reject the null
hypothesis if [t;| > z_ ;.

The rest of the paper is organized as follows. Section 2 reviews the first order limit the-
ory for the t-test as T' — oo with the parameter b fixed and as T' — oo with b approaching
zero. Section 3 develops an asymptotic expansion of the nonstandard distribution under
the null and local alternative hypotheses as b — 0 about the usual central and noncentral
chi-squared distributions. The high-order terms in this asymptotic expansion under the
null delivers correction terms that can be used to adjust the critical values in the usual
chi-squared test. Section 4 develops comparable expansions of the finite sample distrib-
ution of the statistic as T' — oo and b — 0 at the same time. Section 5 compares the
accuracy of the nonstandard approximation with that of the standard normal approxi-
mation. Section 6 proposes a selection rule for b that is suitable for implementation in
semiparametric testing. The subsequent section reports simulation evidence on the per-
formance of the new procedure. The last section provides some concluding discussion.
Proofs and additional technical results are given in the Appendix.



2 Heteroskedasticity-Autocorrelation Robust Inference

Throughout the paper, we focus on inference about § in the location model:
yt:ﬁ‘f‘Uh t= 1727"'7T7 (4)

where u; is zero mean process with a nonparametric autocorrelation structure. The non-
standard limiting distribution in this section and its asymptotic expansion in Section 3
apply to general regression models under certain conditions on the regressors, see KV
(2002a, 2002b, 2005). On the other hand, the asymptotic expansion of the finite sample
distribution in Section 4 applies only to the location model. Although the location model
is of interest in its own right, this is a limitation of the paper and some possible extensions
are discussed in Section 8.

OLS estimation of § gives B=Y = % Z;le yt, and the scaled and centred estimation
error is

1
ﬁST’ (5)

where S; = 23:1 Ur. Let 4, =y, — B be the demeaned time series and S; = 23:1 i, be
the corresponding partial sum process.

The following condition is commonly used to facilitate the limit theory (e.g., KVB
and Jansson (2004)).

VT(6-B) =

Assumption 1 S, satisfies the functional law
T728 ) = wW(r), rel0,1] (6)
where w? is the long-run variance of u; and W (r) is standard Brownian motion.
Under Assumption 1,
T2 = WV (r), rel0,1], (7)
where V is a standard Brownian bridge process, and
VI (5= B) = wW (1) = N (0,w?), (8)

which provides the usual basis for robust testing about 3. It is standard empirical practice
to estimate w? using kernel-based nonparametric estimators that involve some smoothing
and possibly truncation of the autocovariances. When wu; is stationary, the long-run
variance of wu; is

W=q0+2) 7)) (9)
j=1

where v(j) = E(usus—;). Correspondingly, heteroskedasticity-autocorrelation consistent
(HAC) estimates of w? typically have the form

T-1 . 1 T—7 ~ ~ .
~9 J N~y N 727&:1 Ug45 Ut fOI‘_] >0
w (M) = k(=)30G), 4G) =4 1 7 : 10
0= 3 KGO A0 = TR sy o



involving the sample covariances 4(j). In (10), k(-) is some kernel function and M is a
bandwidth parameter. Consistency of ©?(M) requires M — oo and M/T — 0 as T — oo
(e.g. Andrews (1991), Andrews and Monahan (1992), Hansen (1992), Newey and West
(1987,1994), de Jong and Davidson (2000)). Jansson (2002) provides a recent overview
and weak conditions for consistency of such estimates.

To test the null Hy : 8 = Py against Hy : 3 # Py, the standard approach relies on a
nonparametrically studentized t-ratio statistic of the form

tony = T(8 = Bo) /(M) (11)

which is asymptotically N(0,1). Use of t;() is convenient empirically and therefore

widespread in practice, in spite of well-known problems of size distortion in inference.
To reduce size distortion, KVB and KV proposed the use of kernel-based estimators

of w? in which M is set proportional to T, i.e. M = bT for some b € (0,1]. In this case,

the estimator &2 becomes .
9 I\ ..
= E k|l = 12

j=—T+1

and the associated ¢ statistic is given by
ty = T"*(5 — o) /. (13)

When the parameter b is fixed as T — oo, KV showed that under Assumption 1
d)g = w?Z,, where the limit = is random and given by

B, = /O 1 /0 ke (r — $)AV() AV (s). (14)

with kp () = k(-/b) and the t,-statistic has a nonstandard limit distribution. Under the
null hypothesis

ty = W)E, /2, (15)

whereas under the local alternative Hy : 8 = By + ¢TI /2,

thy= (5+W (1), /2 (16)
where § = ¢/w. Thus, the ¢;-statistic has a nonstandard limit distribution arising from the
random limit of the LRV estimate @, when b is fixed as T' — oo. However, as b decreases,
the effect of this randomness diminishes, and when b — 0 the limit distributions under
the null and local alternative both approach those of conventional regression tests with
consistent LRV estimates. It is important to point out that in the nonstandard limit
distribution W (1) is independent =;. This is because W (1) is uncorrelated with V(r) for
any r € [0, 1] and both W (1) and V(r) are Gaussian.

In related work, the present authors (2005a, 2005b, hereafter PSJ,, PSJ;,) propose
using an estimator of w? of the form

g 3 k(2)] 50 (17)

j=—T+1



which involves setting M equal to T" and taking an arbitrary power p > 1 of the traditional
kernel. Statistical tests based on (Dg and wg share many of the same properties, which is
explained by the fact that p and b play similar roles in the construction of the estimates.
The present paper focuses on d;g and tests associated with this estimate. Comparable
ideas and methods to those explored in the present paper may be pursued in the context

of estimates such as wﬁ and are reported in other work (PSJ. and PSJy).

3 Expansion of the Nonstandard Limit Theory

This section develops asymptotic expansions of the limit distributions given in (15) and
(16) as the bandwidth parameter b — 0. These expansions are taken about the relevant
central and noncentral chi-squared limit distributions that apply when b — 0, correspond-
ing to the null and local alternative hypotheses.

These expansions of the nonstandard limit distributions are of some independent in-
terest. For instance, they can be used to deliver correction terms to the limit distributions
under the null, thereby providing a mechanism for adjusting the nominal critical values
provided by the usual chi-squared distribution. The latter correspond to the critical values
that would be used for tests based on conventional consistent HAC estimates.

The asymptotic expansions and later developments in the paper make use of the
following kernel conditions:

Assumption 2 (i) k(z) : R — [0, 1] is symmetric, piecewise smooth with k(0) =1 and
IS k(z)zdr < co.
(i) The Parzen characteristic exponent defined by

1—-k
g = max{go : go € Z¥, g = lim 2 FE)

lim e < o} (18)

s greater than or equal to 1.
(m) k( ) s positive semidefinite, i.e., for any square integrable function f(x),

fo fo (s —1t)f(s)f(t)dsdt > 0.

Assumption 2 imposes only mild conditions on the kernel function. All the commonly
used kernels satisfy (i) and (ii). The assumption [;° k(z)zdz < co ensures the integrals
that appear frequently in our later developments are finite. It also enables us to use the
Riemann-Lebesgue lemma in our proofs. The assumption of positive semidefiniteness in
(iii) ensures that the associated LRV estimator is nonnegative. Commonly used kernels
that are positive semidefinite include the Bartlett kernel, the Parzen kernel and the QS
kernel, which are the main focus of the present paper. For the Bartlett kernel, the Parzen
characteristic exponent is 1. For the Parzen and QS kernels, the Parzen characteristic
exponent is 2.

We proceed to establish the asymptotic expansion of the nonstandard limiting distri-
bution. Let G\ = G(:;A?) be the cdf of a non-central y}(\?) variate with noncentrality
parameter A\2. Then

P{le+wm)z " <z} = P{E+wm)? <225} = B{G:(=*2)},  (19)
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in view of the independence of W (1) and Zj. Set up = E (Zp), and a fourth-order Taylor
expansion yields

- 1 -
G5(2%2p) = Gs(up2?) + B (G5 (wz*)z") (p — 11)?
1 — 1 _ -
+ = (GF (1)) (B — o)’ + 57 (G5 (22)2°) (B — ), (20)

where [ lies on the line segment between pp, and =;. Taking expectation on both sides of
the equation and using the fact that ‘G((;l) (ﬂbz2)28‘ < C for some constant C, we have

- 1 -
EG5(2°Z)) = Gs(m2?) + §Gg(ﬂb22)E (Zp — ) 2*
1 — =
+ G (2B (Z — ) 2+ 0 (B (B — m)") (21)

as b — 0, where the O (-) term holds uniformly over z € RT.
To characterize the asymptotic behavior of E (2, — )™ as b — 0, we write

1,1
:b:/o /0 ky (r, s)dW (r)dW (s), (22)

where kj (7, s) is defined by

1 1 11
ky(rys) = kp(r —s) — /0 ky(r —t)dt — /0 ky(T — s)dT + /0 /0 ky(t — 7)dtdr.

Here, kj(r, s) is simply the projection of ky(r — s) onto the Hilbert subspace defined by

{f(,"): f e L*([0,1]) /frsdr-()/frsds-@//frsdrds-O}

Since k(r — s) is positive semidefinite, by Mercer’s theorem (e.g., see Shorack and Wellner
(1986)), k(r — s) can be represented as k(r —s) = > > Ay fn(7) fn(s), where A, > 0
are the eigenvalues of the kernel and f,(z) are the corresponding eigenfunctions, i.e.

Anfn(s fo (r —s) fu(r)dr. Since A, > 0, kj(r, s) is also positive semidefinite because
it may be written as

kp (r, s) Z/\”gn (r/b)gn(s/b) for any (r,s) € [0,00] x [0, 0], (23)
n=1
where g,(r) = — 57 fa(T)dr. In consequence, for any function ¢(z) € L*(RT), we

have

// Yk (r, $)q drds—Z)\ </ gnr/b)()r>220. (24)

Using Mercer’s theorem again, we therefore have

ky (r, s) Z Arfo (25)



where A7, > 0 are the eigenvalues of the kernel and f(r) are the corresponding eigenfunc-

tions, i.e. Ak fr(s) = [;° ki(r,s) fr(r)dr

Using representation (25) we can Write Epas B = Yoo NZ2, where Z,, ~ iid

N(0,1). Therefore, the characteristic function of =, — u; is given by
o(t)=E {eit@b*%)} = et T {1 - 2in58) 712, (26)
n=1

and the cumulant generating function is

ng(t)=>_ {zml(m —Dy (A;;)m} <22'm (27)
n=1

m=2
Let k1, ks, k3, ... be the cumulants of Zp — . Then
[o¢]
k1 =0 and K, = 2" H(m Z)\*mform>2 (28)

Some algebraic manipulations show that for m > 2

1 1 n
f{/m:2m1(m_1)!/ / HkZ(Tj’Tj-i-l) dry - drp, (29)
0 0 -
j=1

where 71 = Typ41.

With these preliminaries we are able to find the dominating terms in the moments

E (2 — )™, m =1, 2 and develop an asymptotic expansion of P{|(d + W (1)) E, =12 <

z} as the bandwidth parameter b — 0. In fact, a full series expansion is pOSSlbie using
this method, but our purpose here requires only the leading terms in the expansion.

Theorem 1 Let F5(z) := P{‘(cﬂ— W(1)) g, 1/2‘ < z} be the nonstandard limiting dis-
tribution, then under Assumption 2,

F5(2) = G5(2°) + ps(22)b + qs(2)b* + o (62) , (30)
where the term o (62) holds uniformly over = € RT as b — 0,

ps(2%) = c2G§(2*)2* — 1G5(2%) 27,

q5(2%) = —G%(2%)2%cs + aGg(ZQ)z (cs — ) — GY (2% 20¢cieo, (31)
and
a= [ k(x)dx, = [ k2( )d 39)
c3=— [T k(z)|z|de, cx=— [ K (x)|z|dz. (



As is apparent from the proof of the theorem, the term cyG(22)z%b in ps(2?) arises
from the randomness of =, whereas the term ¢; G5(22)2%b in ps(2?) arises from the asymp-
totic bias of Z. Although = converges to 1 as b — 0, we have var(Z;) = 2bca(1 + o(1))
and E(Z,) =1 —bci(1+ 0(1)), as is established in the proof. = is not centered exactly
at 1 because the regression errors have to be estimated. The terms in g5(22) are due to
the first and second order biases of =, the variance of Z; and their interactions.

It follows from Theorem 1 that when § = 0,

Fo(z) = D(2?) + [CQD”(ZQ)Z4 - ch'(ZQ)zQ] b+

1
—D/(2%)3%es + 3 D"(2%)z" (e = o) = D"(2*)erca| B 0 (¥7), (33)

where D(-) = Go(-) is the cdf of x7 distribution. For any o € (0,1), let 22 € R*, zéb
€ R such that D(z2) = 1 — a and Fy(24) = 1 — a. Then, using a Cornish-Fisher type
expansion, we can obtain high-order corrected critical values.

Before presenting the corollary below, we introduce some terminology. We call the
critical value that is correct up to the O(b) order the second-order corrected critical value.
We call the critical value that is correct up to the O(b?) order the third-order corrected
critical value. We will use this convention throughout the rest of the paper. The following

quantities appear in the corollary:

1 1
ky = <01 + 202) 22 + QCin, (34)

1 3 3 1
ko = <c% + Scieg + —c5 +c3 + C4> 22

2 2 16 2
1 3 9 1 5 1
+ (—2cf + 50102 + Ecg + 2C4> zi + (1663) Zg - (1603) 227 (35)
1 1 1
k3 = 5 (Cl + 2C2> Za + 1022(?))47 (36)

1 9 5 1 9 1 1
ky = §01+§0102+T602+§C3+1C4 Za

1 5) 7 1 1 1
+ <—4c% + ge1e2 + ﬁcg + 4C4> 23+ gcgzg — 3—20322. (37)

Corollary 2 For asymptotic chi-square and normal tests,
(i) the second-order corrected critical values are

zc%,b = 22 + k1b + o(b), Zap = Za + k3b+ o(b), (38)
(i) the third-order corrected critical values are
22y = 2o + kib+ kab® + 0(b%), zap = za + ksb + kab® + o(b?), (39)

where zq s the nominal critical value from the standard normal distribution.



Our later developments require only the second-order corrected critical values. The
third-order corrected critical values are given here because the second-order correction is
not enough to deliver a good approximation to the exact critical values when the Parzen
and QS kernels are employed and b is large.

For the Bartlett, Parzen and QS kernels, we can compute ci,co,c3 and ¢4 either
analytically or numerically. We obtain the high-order corrected critical values in Table I.

Table I. High Order Corrected Critical Values
22, = 22 4 kb4 kob? + 0(b?), zap = 2a + kb + kab® 4 o(b?)
o= 5%, zo = 1.960 a=10%, z, = 1.645
k1 ko ks k4 k1 ko ks k4
Bartlett 10.0414 16.1447 2.5616 2.4446 6.0489  9.3014 1.8386 1.7997
Parzen 7.8964 10.5040 2.0144 1.2915 4.7337  6.0229 1.4388 0.9928
QS 14.1017 34.9061 3.5974 6.1915 8.3968 19.9344 2.5522 4.4270

We can evaluate the accuracy of the approximate critical values by comparing them
with the exact ones obtained via simulations. Comparing the second-order and third-
order corrected critical values, we find that the second-order corrected critical value is
more accurate for the Bartlett kernel while the third-order corrected critical value is more
accurate for the Parzen and QS kernels. In both cases, the higher order corrected critical
values provide excellent approximations to the exact ones when b is smaller than 0.5 and
reasonably good approximations for other values of b.

It is important to point out that the exact critical values can be simulated and the
high-order asymptotic expansion is developed here for two reasons. First, the resulting
high-order corrected critical values are easy to calculate and convenient to use for practical
testing situations. In particular, the high-order corrected critical values will be used in
developing the optimal bandwidth selection rule below. Second, the asymptotic expansion
helps shed some new light on the accuracy of the nonstandard approximation. In the
next section, we will show that the second-order corrected critical values based on the
asymptotic expansion of the nonstandard distribution is also second-order correct under
the conventional asymptotics. As a result, the nonstandard limiting distribution is closer
to the exact distribution than the standard normal distribution even when b — 0; See
Section 5.

When § # 0 and the second-order corrected critical values are used, we can use

E+W)E, V2 >

Theorem 1 to calculate the local asymptotic power, measured by P{

Zap}, as in the following corollary.

Corollary 3 Let Assumption 2 hold, then the local asymptotic power satisfies

P{l6+W)Z2] > 2} =1 - Gslz2) = cazhKs (22) b+ o(b),  (40)
as b — 0 where 4
> (52/2)J 2 1222
Ks(2) = /2 S 41
5 (2) ;) R e STy EveRe (41)

is positive for all zo, and 9.

10



According to Corollary 3, the local asymptotic test power, as measured by
P{{(6 +W(1)) E;l/ 2) > 24}, decreases monotonically with b at least when b is small.

Fig. 1 graphs the surface f(2q,6) = 23K; (22) for different values of z, and 4. For a
given critical value, f(zq,0) achieves its maximum around § = 2, implying that the power
increase resulting from the choice of a small b is greatest when the local alternative is in
an intermediate neighborhood of the null hypothesis. For any given local alternative, the
function is monotonically increasing in z,. Therefore, the power improvement due to the
choice of a small b increases with the confidence level 1 — «.. This is expected. When the
confidence level is higher, the test is less powerful and the room for power improvement
is greater.

7
S
/ /I/”"":"'o?::&‘

A
TS

Figure 1: The graph of f(z4,0) = 22 Ks (zc%) as a function of z, and §.

4 Expansions of the Finite Sample Distribution

This section develops a finite sample expansion for the simple location model. This devel-
opment, like that of Jansson (2004), relies on Gaussianity, which facilitates the derivations.
The assumption could be relaxed by taking distributions based (for example) on Gram-
Charlier expansions, but at the cost of much greater complexity (see, for example, Phillips
(1980), Taniguchi and Puri (1996), Velasco and Robinson (2001)).

The following assumption on u; facilitates the development of the higher order expan-
sion.

11



Assumption 3 wu; is a mean zero covariance-stationary Gaussian process with
S5 W2y ()] < oo, where v (h) = Buguyp.

We develop an asymptotic expansion of P{|v/T'(3 — o) /d»| < 2} for 8 = o+ ¢/VT.
Depending on whether c is zero or not, this expansion can be used to approximate the
size and power of the t-test.

Since wu; is in general autocorrelated, B and @y are statistically dependent, which
makes it difficult to write down the finite sample distribution of the t-statistic. To tackle
this difficulty, we decompose /3’ and @, into statistically independent components. Let
w=(p1,..ur),y = (y1, ..., yr), Ir = (1,...,1)T and Qr = var(u). Then the GLS estimator

of Bis B = (Z’TQ:FllT)71 1Qrty and
B—B=B-p+ (lr) " Ui, (42)

where 4 = (I —Ip (l’TQ}llT)_1 Z}Q;l)u, which is statistically independent of 3 — 6.~Since
d)g can be written as a quadratic form in a, (IJ? is also statistically independent of 5 — .
Next, it is easy to see that

w2 = var (\/T(B — 6)) =T ' Qplr =+ 0 (T7h), (43)
and it follows from Grenander and Rosenblatt (1957) that
&% = var (ﬁ(ﬁ - 5)) =T (I59:M7) " =W+ 0 (T7Y). (44)

Therefore T—1/ 2= N(0,0 (T‘l)). Combining this result with the independence of 3
and (a, wp), we have

P (- ) =)
= P{VT (B~ 8) Jan+ VT (8~ o) /o + T~ U)oy < 2}

—p {\/T (,5’ - 5) JGr + ¢far < 2T — T*l/Qz’Ta/@T}

— E® (zwb/wT — e/ — T—l/QZ’Ta/wT)

= E® (20 /o7 — c/ior) — T Y2 Ep (2in /o1 — c/or) lpajor + O (T7)

—p {\/T (,5’ - 5) J&r + ¢)or < zwb/wT} +0 (1Y), (45)

uniformly over z € R, where ® and ¢ are the cdf and pdf of the standard normal distrib-
ution, respectively. The second to last equality follows because dzf is quadratic in @ and
thus Eo (z0p/@r — ¢/wr) Ut = 0. In a similar fashion we find that

P{VT (8- ) Jin < —2} = P{VT (8= B) Jar +c/or < —zn/ar} + 0 (T7),
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uniformly over z € R. Therefore
Frg(2) = P{|VT (B~ ) fan| < 2}
—p { [\/T (B - 5) Jor + c/cDTr < z%g/@%} +0(1T7Y)
= E{Gs(Z*0p ja7)} = E{Gs(Pqr)} + O (T71), (46)

uniformly over z € RT, where ¢ := (& /wT)2 converges weakly to Z.
Setting ppr = E (gr) and following the same argument that leads to (21), we have

1
Prs(2) = Gs(urz®) + §Gg(MbTZ2)E (sor — puor)” 2*

1
+ EGS"(M)TZQ)E (sor — por)* 28 + O (E (ot — MbT)4> +0(T7) (47)

where the O () term holds uniformly over z € RT. By developing asymptotic expansions
of uyr and E (g — ppr)”™ for m = 1,2,...,4, we can establish a higher order expansion
of the finite sample distribution for the case where T' — oo and b — 0 at the same time.
This expansion validates for finite samples the use of the second-order corrected critical
values given in the previous section which were derived there on the basis of an expansion
of the (nonstandard) limit distribution.

Theorem 4 Let Assumptions 2 and 8 hold. If bT — oo as T — oo and b — 0, then

Frs(z) = Gs(2%) + [CQGg’(usz)z4 - chg(zz)zQ] b
— 9¢dgrG5(2*)22(bT) 4+ 0{b+ (bT) 9} + O (T) (48)

where dyr = w2 S50 R y(h), Wi = T7UQrlr and the of-) and O(:) terms hold
uniformly over z € R,

Under the null hypothesis, 6 = 0 and G5(-) = D(-), so

Fro(z) = D(2%) + [CQD”(Z2)Z4 - ch'(z2)z2] b
— gqdgr D' (z*)22(bT) "1+ o {b+ (bT)" 1} + O (T71). (49)

The leading two terms (up to order O(b)) in this expansion are the same as those in the
corresponding expansion of the limit distribution Fy(z) given in (33) above. Thus, use of
the second-order corrected critical values given in (38), which take account of terms up
to order O (b), should lead to size improvements when T+ — oo.

The third term in the expansion (49) is O (T7) when b is fixed. When b decreases
with T, this term provides an asymptotic measure of the size distortion in tests based
on the use of the first two terms of (49), or equivalently those based on the nonstandard
limit theory, at least to order O (b). Thus, the third term of (49) approximately measures
how satisfactory the second-order corrected critical values given in (38) are for any given
values of b and T'.
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If critical values from the standard normal are used, then the ERP is approximated
by the sum of the O (b) and O((bT")~?) terms in (49), viz.,

er (b) = [CQD”(ZQ)Z4 — ch'(ZQ)zQ] b— quqTD/(ZQ)Z2(bT)_q, (50)

which is a simple rational function in b. In (50) the O (b) term is negative, and the
O((bT')79) term is also negative for time series with dyr > 0, as is typical for economic
data. In this case, the ERP function ep (b) is negative, has a negative asymptote at b = 0,
and a simple maximum at

1
q9qdar D' (%) ol g
b= (- T, 1

< coD"(22)22 — ¢1D'(22) ! (51)

For this choice of b, ep (b) is closest to zero, and the resulting best rate of convergence of
the ERP to zero is O (T —a/ (q+1)) . This rate increases with ¢ and can be arbitrarily close
to O (T‘l) if ¢ is large and the autocovariance decays at an exponential rate. Examples of
kernels with ¢ > 2 include the familiar truncated kernel and the flat top kernel proposed
by Politis and Romano (1995, 1998). These kernels are not positive semidefinite. We
consider only the commonly-used positive semidefinite kernels with ¢ < 2 in this paper
and leave the analysis of higher order kernels for future research.

If we construct a two-sided confidence interval based on the asymptotic normality,
then the ERP is also the coverage error. Therefore, the optimal b that achieves the
greatest coverage accuracy is of order O (T_q/ (q+1)) for typical economic time series. As
we discuss below, this rate is different from O (T*2Q/ (2q+1)) , the rate that is appropriate
for point estimation of the standard error. So, some undersmoothing is required to achieve
improved coverage accuracy in confidence intervals.

In the case where dyr < 0, the ERP-optimal b is different from that given in (51).
When dyr < 0, the ERP function er (b) has a positive asymptote at b = 0 and is monotoni-
cally decreasing and passes through the origin as b increases, so the optimal b that achieves
the greatest coverage accuracy is the value for which e (b) =0, i.e.,

1
9adqr D' (2°) e
b= T a+1. 52

(CQD”(22)22 —c1D'(22) ’ (52)

This choice of b completely removes the O (b) and O((bT")~9) terms in (49), leading to a
coverage error of a smaller order, i.e. o (T_Q/(q+1)) instead of O (T_Q/(‘I‘H)) .

The optimal b given in (51) and (52) is not feasible as it involves the unknown para-
meter dy7. In practice, we can estimate d,r using a nonparametric approach. A minimal
requirement for this estimator is its consistency. Based on the sign of this estimator, we
can decide which of the two formulae to use in practical situations. We leave investigations
along these lines to future research.

Velasco and Robinson (2001) established an Edgeworth expansion of P {t;, < z} for
the Gaussian local model. Note that P {t;, < z} = 1 (1 4 Fr(2)) for z > 0 under the null
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hypothesis, and we have

Pty <z} = é + %D(ZQ) + % [CQD,/(22)24 - ch'(ZQ)ZQ] b
— %quqTD’(ZQ)ZQ(bT)_q +o{b+(I) "} +0(T7). (53)
Using the identity
DI(ZQ) _ (z)(;:)7 D//(z2) _ _(bz(z) _ (ZS;)’ (54)
we deduce for z > 0
P{t, <z} =®(z) - % [622 (2% +2) + clz] ®(2)b
L zd(2)OT) 1+ 0 {b+ (BT) 1) 4 O (T, (55)

2

Combining this with P{t, < —z} = 1 — P{t;, <z}, we can show that the preceding
expansion also holds for z < 0. The expansion (55) is identical to equation (11) in Velasco
and Robinson (2001) after notational changes and a small correction’.

Under the local alternative hypothesis, the power of the test based on the second-
order corrected critical values is 1 — Fr5(2q4,). Theorem 4 shows that Fir5(z.p) can be
approximated by

Gé(zi,b) + [CQGg(Zc%,b)Zé,b - ClGis(Zi,b)Zi,b] b— quqTGZS(ZQ)ZQ(bT)fqa

with an approximation error of order o ((bT)_q + b) + O (Tﬁl). Note that the above
approximation depends on  only through 62, so it is valid under both Hy : 83—y = ¢/ VT
and Hy : 8 — o = —c/VT.

These results on size distortion and local power are formalized in the following corol-
lary.

Corollary 5 Let Assumptions 2 and 3 hold. If bT' — oo as T — oo and b — 0, then:
(a) the size distortion of the two-sided t-test based on the second-order corrected critical
values 1s

(1= Pro(zap) — @ = gedgrD'(22)22(bT) "1+ o ((bT) " +b) + O (T1); (56)

'There is a mistake in Theorem 5 of Velasco and Robinson (2001). Given their Theorem 4 and equation
(11), the second order corrected critical value should be

S e @)la)de a

Wo = Za —
$(za) N
1,3 o M 1 —d—1 2 M
= za + 5 (70 = 32a) T Kl 3 — 57 [blNM — 4 [|K]; - 27rK(0)] N
1, 4 o M 1 M 1 1
= Za + 5 (Za + Za) || K3 N + §Za {2nK(0)} N §Zablm

Since 27K (0) = ¢1 and 7 ||K||3 = c2, the correction terms of order O(M/N) are the same as that given in
(38) in this paper.
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(b) under the local alternative Hy : |3 — Bo| = ¢/V/T, the power of the two-sided t-test
based on the second-order corrected critical values is
1—Frs(zap) =1— Glg(zi) — czzfiK(; (zi) b
+ ggdgrG5(22)22(bT) 1+ o ((bT) 7+ b) + O (T71). (57)

5 Accuracy of the Nonstandard Approximation

In the previous section, we have shown that when b goes to zero at a certain rate, the ERP
of the standard normal or chi-squared test is at least of order O(T_‘J/ (q“‘l)) for typical
economic time series. This section establishes a related result for the nonstandard test
when b is fixed and then compares the ERP of these two tests under the same asymptotic
specification, i.e. either b is fixed or b — 0. As in the previous section, we focus on the
Gaussian location model.

In view of (46), the error of the nonstandard approximation is given by

Fro(z) — Fo(z) == P{ \/T(B —B) Jap| < z} — P{‘W( = 1/2‘ < z}
= ED(2qr) — ED(2*Z) + O (T71). (58)

To evaluate the difference ED(2%g,r) — ED(z =p), we proceed to compute the cumulants
of both g — pyr and Zp, — pp. Since @F = T 1a/'Wya = T~/ ArWyAru, where W, is
T x T with (j, s)-th element ky((j — s)/T) and Ap = It — 7l /T, qr is a quadratic form
in a Gaussian vector. It is easy to show that the characteristic function of ¢ — ppr is
given by

Qp Ar Wy Ap | ~1/?
Tw%

where Q7 = E(uv’) and the cumulant generating function is

1 QpArW,A , > it)™
n (¢ur(t)) = — log det (I - 2thTTwQ”> — ity = nm,T(Wf,, (60)
2 !

m=1

ourt) = |1~ 2 exp {—itur} (59)

where the Ky, 7 are the cumulants of g7 — ppr. It follows from (60) that k17 = 0 and
K = 2" (m — DIT™™ (wF) " Trace [(Qr AW, Ar)™] for m > 2. (61)

By proving K, 1 is close to Ky, in the precise sense given in Lemma 2 in the Appendix,
we can establish the following theorem, which gives the order of magnitude of the error
in the nonstandard limit distribution of ¢, as T' — oo with fixed b. The requirement
b < 1/(16 [%_|k(z)|dx) on b that appears in the statement of the result is a technical
condition in the proof that facilitates the use of a power series expansion. The requirement
can be relaxed but at the cost of more extensive and tedious calculations.

Theorem 6 Let Assumptions 2 and 3 hold. If b < 1/(16 [~ |k(x)|dz), then

FT7Q(2’) = F()(Z) +0 (T_ ) , (62)

uniformly over z € RT when T — oo with fized b.
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Under the null hypothesis Hyg : 8 = [y, we have § = 0. In this case, Theorem 6
indicates that the ERP for tests with b fixed and using critical values obtained from the
nonstandard limit distribution of W(I)Egl/ ’is0 (T~1) . The theorem is an extension to
the result of Jansson (2004) who considered only the Bartlett-type kernel with b = 1 and
proved that the ERP is of order O (T~ log(T')) . It is an open question in Jansson (2004)
whether the log (T") factor can be omitted. Theorem 6 provides a positive answer to this
question.

In the previous section, we showed that when b — 0,7 — oo such that bT — oo,

Fro(z) = D(z2) + O (T—q/ <q+1>) (63)

for typical economic time series. Comparing (62) with (63), one may conclude that the
error of the nonstandard approximation is smaller than that of the standard normal
approximation by an order of magnitude. However, the two O(-) terms are obtained
under different asymptotic specifications. The O(-) term in (62) holds for fixed b while
the O(-) term in (63) holds for diminishing b. Since the O(-) term in (62) does not hold
uniformly over b € (0, 1], the two O(-) terms can not be directly compared, although they
are obviously suggestive of the relative quality of the two approximations when b is small,
as it typically will be in practical applications.

Indeed, F(z) and D(z?) are just different approximations to the same quantity Firo(z).
To compare the two approximations more formally, we need to evaluate Fr(z) — Fp(2)
and Fro(z) — D(2%) under the same asymptotic specification, i.e. either b is fixed or
b— 0.

First, when b is fixed, we have

Fro(z) — D(2%) = Fro(z) — Fo(2) + Fo(2) — D(2*) = O(1). (64)

This is because Fro(z) — Fo(z) = O(1/T) as shown in Theorem 6 and Fy(z) — D(2?%) =
O(1). Comparing (64) with (62), we conclude that when b is fixed, the error of the
nonstandard approximation is smaller than that of the standard approximation by an
order of magnitude.

Second, when b = O(T~%/(@+1)) | we have
FT,O(Z> — Fo(z) = [Ffﬂo(z) — D(Z2)] — [F()(Z) — D(Z2)]
= [CQD"(ZQ)Z4 - ch'(z2)22] b
— ggdgr D' (2*)22(bT) "+ 0 {b+ (bT) 7} + O (T1)
o [CQD’I(Z2)24 _ ch’(z2)z2] b+ O(b)
= —ggdgrD'(z})22(WT) "+ o {b+ (bT) "} + O (T), (65)
where we have used Theorems 1 and 4. Therefore, when d,r > 0, which is typical for
economic time series, the error of the nonstandard approximation is smaller than that of
the standard normal approximation, although they are of the same order of magnitude
for this choice of b.
We can conclude from the above analysis that the nonstandard distribution provides

a more accurate approximation to the finite sample distribution regardless of the as-
ymptotic specification employed. There are two reasons for the better performance: the
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nonstandard distribution mimics the randomness of the denominator of the t-statistic,
and it accounts for the bias of the LRV estimator resulting from the unobservability of
the regressor errors. As a result, the critical values from the nonstandard limiting distri-
bution provide a higher order correction on the critical values from the standard normal
distribution. However, just as in the standard limiting theory, the nonstandard limiting
theory does not deal with another source of bias, i.e. the usual bias that arises in spectral
density estimation even when a time series is known to be mean zero and observed. This
second source of bias manifests itself in the error of approximation given in (65).

6 Optimal Bandwidth Choice

It is well known that the optimal choice of b that minimizes the asymptotic mean squared
error in LRV estimation has the form b = O (T —2aq/ (2q+1)). However, there is no reason
to expect that such a choice is the most appropriate in statistical testing using nonpara-
metrically studentized statistics. Developing an optimal choice of b for semiparametric
testing is not straightforward and involves some conceptual as well as technical challenges.
In what follows we provide one possible approach to constructing an optimizing criterion
that is based on balancing the type I and type II errors.

In view of the asymptotic expansion (56), we know that the type I error for a two-sided
test with nominal size o can be expressed as

L= Fro(zas) = @+ g,dr D (2222 07) " + 0 (W1) " +) + O (T7Y),  (66)
Similarly, from (57), the type II error has the form
Gs(22) + 2z K5 (22)b — godyrG(22)22(bT) ™ + 0 (0T) "+ b) + O (T7Y) .  (67)

A loss function for the test may be constructed based on the following three factors: (i)
The magnitude of the type I error, as measured by the second term of (66); (ii) The
magnitude of the type II error, as measured by the O (b) and O((bT)~?) terms in (67);
and (iii) The relative importance of the type I and type II errors.

For most economic time series we can expect that d,r > 0 and then both g,d D’ (22)22
0 and g,dgrGY5(22)2z2 > 0. Hence, the type I error increases as b decreases. On the other
hand, the (bT")~7 term in (67) indicates that there is a corresponding decrease in the type
IT error as b decreases. Indeed, for & > 0 the decrease in the type II error will generally
exceed the increase in the type I error because Gj(22) > D’'(z2) for 6 € (0,7.5) and
zo = 1.645,1,960 or 2.580. Fig. 2 graphs the ratio G%(z?)/D’(2?) against § for different
values of z, illustrating the relative magnitude of Gj(22) and D’(22). The situation is
further complicated by the fact that there is an additional O (b) term in the type II error.
As we have seen earlier, K5(22) > 0 so that the second term of (67) leads to a reduction
in the type II error as b decreases. Thus, the type II error generally decreases with b for
two reasons — one from the nonstandard limit theory and the other from the (typical)
downward bias in estimating the long-run variance.

The case of dgr < 0 usually arises where there is negative serial correlation in the
errors and so tends to be less typical for economic time series. In such a case, (66) shows
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Figure 2: The graph of G%(2?)/Dj(z?) as a function of § for different values of z

that the type I error increases with b while the type II error may increase or decrease with
b depending on which of the two terms in (67) dominates.

These considerations suggest that a loss function may be constructed by taking a
suitable weighted average of the type I and type II errors given in (66) and (67). Setting

e =a+ quqTD/(zz)ZQ(bT)iqy
e = Gs(22) + 220K 5(25)b — gqdgrGi(22) 22 (bT) 7, (68)
we define the loss function to be

_ wr(0) 1 II
1 +UJT((5)6T+ T+ wr(0) T

where wp(d) is a function that determines the relative weight on the type I and II errors
and this function is allowed to depend on the sample size T' and 0. Obviously, the loss
L (b;6,T, z4) is here specified for a particular value of ¢ and this function could be adjusted
in a simple way so that the type II error is averaged over a range of values of § with respect
to some (prior) distribution over alternatives.

We focus on the case of a fixed local alternative below, in which case we can suppress
the dependence of wr(J) on 6 and write wr = wr(d). To sum up, the loss function we
consider is of the form:

L (b:;6,T, 2) (69)

1
1+ wyp

+ Cp,
(70)

L(b;6,T,20) = [gqdqr {wrD'(22) — Gj(22)} 22(bT) ™9 + ca24 K5(22)b]
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where Cr = [wpa + Gs(22)] /[1 + wr], which does not depend on b. In the rest of this
section, we consider the case wpD’'(22) — G%(22) > 0, which holds if the relative weight
wr is large enough.

It turns out that the optimal choice of b depends on whether dyr > 0 or dyr < 0.
We consider these two cases in turn. When dgr > 0, the loss function L (b;6,T, 2,) is
minimized for the following choice of b :

1/(q+1)
bopt _ {ngqu [wTD,(Zi) - GS(Zi)] } T—q/(q-‘,—]_).

= 71
0222 K5(22) ()

Therefore, the optimal shrinkage rate for b is of order O(T~%/(@+1)) when wy is a fixed
constant. If wy — oo as T — oo, we then have

/(g+1)
q9¢dgr D' (22)
bopt = {W (wT/Tq)l/(qul) ) (72)

Fixed b rules may then be interpreted as assigning relative weight wp = O (T'?) in the loss
function so that the emphasis in tests based on such rules is a small type I error, at least
when we expect the type I error to be larger than the nominal size of the test. This gives
us an interpretation of fixed b rules in terms of the loss perceived by the econometrician
using such a rule. Within the more general framework given by (71), b may be fixed or
shrink with 7" up to an O (T_‘J/ (‘1+1)) rate corresponding to the relative importance that
is placed in the loss function on the type I and type II errors.

Observe that when b = O((wy/T9)Y @) size distortion is O (wrT)~ Y9 rather
than O (T_l) , as it is when b is fixed. Thus, the use of b = bopt for a finite wr involves
some compromise by allowing the error order in the rejection probability to be somewhat
larger in order to achieve higher power. Such compromise is an inevitable consequence
of balancing the two elements in the loss function (70). Note that even in this case,
the order of ERP is smaller than O(T~%(24+1) which is the order of the ERP for the
conventional procedure in which standard normal critical values are used and b is set to
be O (T~2/Qa+1)) |

For Parzen and QS kernels the optimal rate of b is T~2/3, whereas for the Bartlett
kernel the optimal rate is 771/2. Therefore, in large samples, a smaller b should be used
with the Parzen and QS kernels than with the Bartlett kernel. In the former cases, the
ERP is at most of order 7-2/% and in the latter case the ERP is at most of order T—1/2.
The O (T —2/ 3) rate of the ERP for the quadratic kernels represents an improvement on
the Bartlett kernel. Note that for the optimal b, the rate of the ERP is also the rate
for which the loss function L (b;4,T, z,) approaches Cp from above. Therefore, the loss
L (b;6,T,2,) is expected to be smaller for quadratic kernels than for the Bartlett kernel
in large samples. Finite sample performance may not necessarily follow this ordering,
however, and will depend on the sample size and the shape of the spectral density of {u;}
at the origin.

The formula for b,pt involves the unknown parameter d,7, which could be estimated
nonparametrically (e.g. Newey and West (1994)) or by a standard plug-in procedure
based on a simple model like AR(1) (e.g. Andrews (1991)). Both methods achieve a valid
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order of magnitude and the procedure is obviously analogous to conventional data-driven
methods for HAC estimation.

When wrD'(22) — G5(22) > 0 and dyr < 0, L (b;6,T, z,) is an increasing function of
b. To minimize loss in this case, we can choose b to be as small as possible. Since the
loss function is constructed under the assumption that b — 0 and b1 — oo, the choice of
b is required to be compatible with these two rate conditions. These considerations lead
to a choice of b of the form b = Jp/T for some Jr that goes to infinity but at a slowly
varying rate relative to 7. In the simulation study below, we set Jr = log(7") so that
b= (logT)/T.

To sum up, for typical economic time series, the value of b which minimizes the
weighted type I and type II errors has a shrinkage rate of b = O (T_‘I/ (q“)) . This rate
may be compared with the optimal rate of b = O (T*2Q/ (2q+1)) that applies when mini-
mizing the mean squared error of estimation of the corresponding HAC estimate, (I)l?, itself
(Andrews (1991)). Thus, the AMSE optimal values of b for HAC estimation are smaller
as T — oo than those which are most suited for statistical testing. In effect, optimal HAC
estimation tolerates more bias in order to reduce variance in estimation.

In contrast, optimal b selection in HAC testing undersmooths the long-run variance
estimate to reduce bias and allows for greater variance in long-run variance estimation
through higher order adjustments to the nominal asymptotic critical values or by direct
use of the nonstandard limit distribution. This conclusion highlights the importance of
bias reduction in statistical testing.

7 Simulation Evidence

This section provides some simulation evidence on the finite sample performance of the
t-test based on the plug-in procedure that optimizes the loss function constructed in the
previous section.

We consider the simple local model with Gaussian ARMA(1,1) errors:

ye =B+ ¢/VT +uy (73)
where ¢ = 0 or 2 and
Ut = Qbutfl + &t + 061‘/,1, Er ~ ZZdN(O, 1) (74)

Under the null ¢ = 0, and under the local alternative ¢ = 2. The latter value of ¢ is
chosen such that when ¢ = 0.3 and 6 = 0, the local asymptotic power of the t-test is
60%. In other words, ¢ = 2 solves P {|(c(1 —¢)+ W(1))| > 1.645} = 60% for ¢ = 0.3.
The qualitative results are similar for other nonzero values of ¢. We consider three sample
sizes T' = 50,100 and 200.

For the ARMA(1,1) process,

g 20 +¢9)(¢+037 4, - 20 +¢20)(¢+93' (75)
(1-¢2)(1+96) (1-¢)"(1+90)
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To estimate d; and da, we employ the AR(1) plug-in procedure. More specifically, let

S g (ue — @) (up—y — 1)

p= (76)
(w1 — )2
be the OLS estimate of the AR parameter, then we estimate d; and ds by
dy =2p/(1— (), da=2p/(1—p)*. (77)
It is easy to see that
. (0+9)(1+09)
p— 71 206 11 , as T — oo. (78)
Therefore
. (-9 (P~ (1-9)0+1) 2 2!
dy/dy — TR {(1—¢)(1+9)} >0
3 (0+0) (1+00))> 2 217!
1-— 1-— 1 .
dQ/dQ_’( 6% 1 206 + 1 {a-ofa+er} >o (79)

Since both limits are positive when |¢| < 1, dq and d, have the same sign with probability
approaching one as 7' — oo. We can thus choose b based on the sign of d,. More specifically,

. 1/(¢+1)
R qgqdq{wr D' (22)-G(22)} - 1 5
o [ wdofor () G ] T/t 4, >0 (80)
T 'logT, ch <0

We consider the following relative weights: wpr = 10,20,30, and 40. We set the
significance level to be o = 10% and the corresponding nominal critical value for the
two-sided test is z, = 1.645. For all the DGP’s considered, we let § = 2 in computing
the optimal bandwidth parameter. For each choice of wy, we obtain I;opt and use it to
construct the LRV estimate and corresponding ¢;-statistic. We reject the null hypothesis
if |¢;| is larger than the corrected critical values given in (38) and (39). For the Bartlett
kernel, the second-order corrected critical value is used. For the Parzen and QS kernels,
the third-order corrected critical value is used. Using 50,000 replications, we compute the
empirical type I error (when ¢ = 0) and type II error (when ¢ = 2). We construct the
empirical loss by taking a weighted average of the type I and type II errors. The weights
associated with the type I and II errors are wr /(1 + wr) and 1/(1 4+ wr), respectively.

For comparative purposes, we also compute the empirical loss function when the band-
width is the ‘optimal’ one that minimizes the asymptotic mean squared errors of the LRV
estimate. This bandwidth rule is given in Andrews (1991) and the AR(1) plug-in version
is

4,62 1/3
bRl = 1.1447 ( ) T-2/3,
MSE (1 _ ,5)2(1 + ﬁ)2
. 152 1/5
bR =2.6614 ((1—;))4> 745, or (81)
A 452 1/5
Qs 4 —4/5
bYrsp = 1.3221 ((1—p)4> T4,
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Tables II-IV report the empirical loss only for the sample size T' = 100, as it is
representative of other sample sizes.

First, we compare the new plug-in procedure with the conventional plug-in procedure
for a given kernel. It is clear that the new plug-in procedure incurs significantly smaller
loss than the conventional plug-in procedure when d, > 0, which is typical for economic
time series. This is true for all values of wp and parameter combinations considered.
When d, < 0, the performance of the new plug-in procedure is better than that of the
conventional plug-in procedure for both the Bartlett and Parzen kernels. However, for
the QS kernels, the former is slightly outperformed by the latter for some DGP’s.

Second, we compare the performance of the new plug-in procedure based on different
kernels. For all values of wp and the DGP’s, the Parzen and QS kernels lead to more or less
the same loss. This is not surprising as both Parzen and QS exhibit quadratic behavior
around the origin. Compared with the Bartlett kernel, the Parzen and QS kernels incur
smaller losses for almost all the cases. For the few exceptional cases, the Bartlett kernel
outperforms the Parzen and QS kernels by only a small margin. This result is consistent
with the faster rate of convergence of the loss function for the Parzen and QS kernels as
compared with the Bartlett kernel.

To sum up, our simulation results reveal that the new plug-in procedure works well
in terms of incurring a smaller loss than the conventional plug-in procedure. Compared
with the Bartlett kernel, the Parzen and QS kernels both seem to offer the prospect of
smaller loss.

8 Concluding Discussion

Automatic bandwidth choice is a long standing problem in time series models when the
autocorrelation is of unknown form. Existing automatic methods are all based on min-
imizing the asymptotic mean square error of the standard error estimator, a criterion
that is not directed at statistical testing. In hypothesis testing, the focus of attention is
the type I and type II errors that arise in testing and it is these errors that give rise to
loss. Consequently, it is desirable to make the errors of incorrectly rejecting a true null
hypothesis and failing to reject a false null hypothesis as small as possible. While these
two types of errors may not be simultaneously reduced, it is possible to design bandwidth
choice to control the loss from these errors. This paper develops for the first time a theory
of optimal bandwidth choice that achieves this end by minimizing a weighted average of
the type I and type II errors.

The type I and type II errors are measured by the first dominating terms in the asymp-
totic expansions of the distribution of the test under the null and alternative hypotheses.
The rule for selecting the optimal bandwidth (M) according to the above principle has an
expansion rate of O (T 1/ (q+1)) for typical economic time series. This rate is slower than the
rate O (Tl/ (2q+1)) for optimizing the asymptotic mean squared error in HAC estimation.
Thus, optimal bandwidth selection for semiparametric testing is different from optimal
bandwidth selection for point estimation of the long-run variance. Semiparametric testing
along these lines actually undersmooths the long-run variance estimate to reduce bias and
allows for greater variance in long-run variance estimation as it is manifested in the test
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statistic by means of higher order adjustments to the nominal asymptotic critical values
or by direct use of the nonstandard limit distribution.

The results in this paper suggest areas of future research. Using asymptotic expansion
formulae, we have derived the optimal bandwidth that achieves the highest coverage
accuracy. It is desirable to investigate the finite sample performance of this procedure
when a consistent nonparametric estimate of d,7 is plugged into the optimal bandwidth
formula. In this paper, we have focused on two-sided tests for the Gaussian location
model. The basic ideas and methods explored here can be used to tackle the bandwidth
choice problem for one or two sided nonparametrically-studentized tests and confidence
interval construction in a general regression setting with linear instrumental variables.
The results for the general case will be reported in later work. The additional complexity
of the formulae in the general case complicates the search for an optimal truncation
parameter, but the main conclusion of the present findings are the same, viz. that when
the goal is testing or confidence interval construction it is advantageous to reduce bias in
HAC estimation by undersmoothing.
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Table II: Empirical Loss Using Different Plug-in b’s for
AR(1) Process with AR Parameter ¢ (T =100, Number of replication =50000)

wT:10 ’LUT:20 ’LUT:30 ’LUT:40
bopt bMSE bopt bMSE bopt bMSE bopt bMSE
Bartlett kernel
0.9 0.2707 0.3682 0.2478 0.3547 0.2393 0.3500 0.2345 0.3475
0.6 0.1941 0.2395 0.1685 0.2186 0.1606 0.2112 0.1577 0.2074
0.3 0.1621 0.1878 0.1429 0.1722 0.1373 0.1666 0.1342 0.1637
—0.3 0.0912 0.1006 0.0851 0.0960 0.0830 0.0944 0.0819 0.0935
—0.6 0.0564 0.0902 0.0531 0.0905 0.0520 0.0906 0.0514 0.0907
—0.9 0.0294 0.0914 0.0181 0.0940 0.0141 0.0949 0.0121 0.0953
Parzen kernel
0.9 0.2122 0.3621 0.1756 0.3480 0.1624 0.3430 0.1556 0.3404
0.6 0.1737 0.2265 0.1417 0.2040 0.1309 0.1960 0.1244 0.1919
0.3 0.1530 0.1786 0.1301 0.1617 0.1220 0.1556 0.1175 0.1525
—0.3 0.0956 0.1038 0.0904 0.0998 0.0886 0.0984 0.0876 0.0977
—0.6 0.0777 0.0904 0.0772 0.0911 0.0770 0.0913 0.0769 0.0914
—0.9 0.0658 0.0709 0.0670 0.0725 0.0674 0.0730 0.0676 0.0733
QS kernel

0.9 0.2067 0.3516 0.1689 0.3364 0.1545 0.3310 0.1457 0.3282
0.6 0.1724 0.2242 0.1398 0.2014 0.1280 0.1933 0.1218 0.1892
0.3 0.1521 0.1783 0.1292 0.1613 0.1209 0.1552 0.1163 0.1521
—0.3 0.1053 0.1021 0.1008 0.0979 0.0992 0.0964 0.0984 0.0956
—0.6 0.0938 0.0904 0.0944 0.0911 0.0946 0.0914 0.0947 0.0915
—0.9 0.0865 0.0858 0.0890 0.0884 0.0899 0.0893 0.0903 0.0898
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Table III: Empirical Loss Using Different Plug-in b’s for an MA(1) Process

with MA parameter 6 (T = 100, Number of replications = 50,000)

0 wT:10 ’LUT:20 ’LUT:30 ’LUT:40
bopt bMSE bopt bMSE bopt bMSE bopt bMSE
Bartlett kernel
0.9 0.1722 0.1911 0.1483 0.1687 0.1422 0.1607 0.1395 0.1567
0.6 0.1654 0.1821 0.1447 0.1624 0.1387 0.1555 0.1363 0.1519
0.3 0.1526 0.1664 0.1361 0.1509 0.1317 0.1455 0.1290 0.1427
—0.3 0.0736 0.0789 0.0688 0.0747 0.0670 0.0733 0.0661 0.0725
—0.6 0.0095 0.0185 0.0090 0.0189 0.0088 0.0190 0.0087 0.0191
—0.9 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Parzen kernel
0.9 0.1620 0.1885 0.1335 0.1657 0.1235 0.1575 0.1185 0.1534
0.6 0.1557 0.1789 0.1307 0.1587 0.1219 0.1515 0.1168 0.1478
0.3 0.1463 0.1612 0.1258 0.1449 0.1183 0.1391 0.1147 0.1361
—0.3 0.0741 0.0802 0.0693 0.0762 0.0676 0.0748 0.0668 0.0741
—0.6 0.0099 0.0136 0.0094 0.0135 0.0093 0.0135 0.0092 0.0135
—0.9 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
QS kernel
0.9 0.1608 0.1849 0.1327 0.1616 0.1219 0.1533 0.1165 0.1491
0.6 0.1548 0.1753 0.1302 0.1546 0.1208 0.1473 0.1155 0.1435
0.3 0.1456 0.1595 0.1250 0.1430 0.1178 0.1371 0.1139 0.1341
—0.3 0.0930 0.0769 0.0903 0.0724 0.0893 0.0708 0.0888 0.0700
—0.6 0.0433 0.0119 0.0452 0.0115 0.0459 0.0114 0.0462 0.0113
—0.9 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
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Table IV: Empirical Loss Using Different Plug-in b’s for an ARMA(1,1) Process
with AR parameter ¢ and MA parameter 6 (T =100, Number of replications =50,000)

’IUT:10 ’IUT:20 ’IUT:30 wT:40
(¢> 9) bopt bMSE bopt bMSE bopt bMSE bopt bMSE
Bartlett kernel
(—0.6,0.3) 0.0996 0.1126 0.0926 0.1075 0.0901 0.1056 0.0888 0.1047
(0.3,—0.6) 0.0392 0.0392 0.0356 0.0350 0.0344 0.0335 0.0337 0.0327
(0.3,0.3) 0.1754 0.2019 0.1520 0.1814 0.1461 0.1741 0.1436 0.1704
(0.0,0.0) 0.1261 0.1312 0.1152 0.1208 0.1119 0.1171 0.1096 0.1152
(0.6,—0.3) 0.1815 0.2362 0.1591 0.2214 0.1508 0.2161 0.1468 0.2134
(—0.3,0.6) 0.1473 0.1551 0.1321 0.1400 0.1278 0.1346 0.1256 0.1318
Parzen kernel
(—=0.6,0.3) 0.1064 0.1168 0.1005 0.1124 0.0984 0.1109 0.0974 0.1101
(0.3,—0.6) 0.0355 0.0371 0.0310 0.0329 0.0294 0.0313 0.0286 0.0306
(0.3,0.3) 0.1627 0.1957 0.1343 0.1742 0.1245 0.1665 0.1195 0.1626
(0.0,0.0) 0.1244 0.1319 0.1123 0.1215 0.1083 0.1178 0.1061 0.1159
(0.6,—0.3) 0.1700 0.2208 0.1420 0.2039 0.1307 0.1979 0.1257 0.1948
(—0.3,0.6) 0.1422 0.1522 0.1234 0.1365 0.1165 0.1309 0.1131 0.1281
QS kernel

(-0.6,0.3) 0.1111 0.1155 0.1053 0.1110 0.1032 0.1093 0.1022 0.1085
(0.3,—0.6) 0.0596 0.0347 0.0587 0.0296 0.0583 0.0277 0.0581 0.0268
(0.3,0.3) 0.1619 0.1920 0.1333 0.1700 0.1224 0.1622 0.1173 0.1582
(0.0,0.0) 0.1267 0.1308 0.1145 0.1202 0.1099 0.1165 0.1080 0.1146
(0.6,—0.3) 0.1695 0.2237 0.1402 0.2072 0.1293 0.2013 0.1242 0.1983
(—0.3,0.6) 0.1416 0.1500 0.1234 0.1341 0.1165 0.1284 0.1128 0.1255
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9 Appendix

A.1 Technical Lemmas and Supplements

Lemma 1 Let ¢} = 4f kE(v)| dv, then under Assumption 2 the cumulants of Zp — up
satisfy
o] < 2™ (m — D)1 (D)™ form > 1 (A1)

and the moments c, = E (Zp — )™ satisfy
| < 22™m) (i)™ for m > 1. (A.2)

Proof of Lemma 1. Note that

1 1 [ m
/ / H (15, Tjg1) | dr1---dTpy
0 0 \jo1

1
§/ / |k (71, m2) ki (T2, 73) -+ - ki (Ton—1, )| |k (T 71) | A1+ < - Aoy
0 0
1 1
<2 [ [ ) K (s )l dn - d
0 0
1 1
<osup [ it dn [ (o R, m) K1 )
T2 0 0

1 1 1
< 2sup/ |kp (71, m2)| dmy Sup/ ‘k;(TQ,Tg)’dTQ...Sup/ (kp (Tm—1, Tm)] dTm—1
0 0 0

T2 T3 Tm

=2 <8151p /O 1 I (r, )] dr) " (A.3)

In view of the definition

1 1 1 1
Ki(rs) = kyl(r — s) — /0 o — p)dp — /0 kols — q)dg + /0 /0 ko(p — q)dpdg, (A.4)

we have
1 1
Sup/ |k (7, )| dr < 4sup/ |k (r — )| dr
s 0 S 0
1-s 00
— 4 sup ( | ) dv) <t [
s€[0,1] —s —00
= bc]. (A.5)
As a result
/ / H (75, Tj+1) | dri-- - drm| < 2 (i)™, (A.6)
and
|| < 2™ (m — 1)! (c;b)™ . (A7)
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Note that the moments {«;} and cumulants {x;} satisfy the following relationship:

Oy = Z ( m' 1 H/{j’

LN (S 12 (51T lmol -«
Jl-) (32«) (Je-) mi:ma: me-j@r

where the sum is taken over the elements

™= jla”'j17j27"'j27"'jf7"'j€

m1 times mo times my times

(A.8)

(A.9)

for some integer £, sequence {ji}le such that j; > jo > --- > jpand m = Zle m;ji.

Combining the preceding formula with (A.7) gives

. —mi . —m9 . —Mmy
m, ) (% m—1 (]1) (JQ) e (]@)
| < 2™m! (¢5b) Z oy e By

™
< 2%l (¢ib)™

where the last line follows because

™

Lemma 2 Let Assumptions 2 and 3 hold. When T — oo for a fixed b, we have:

(a)
MbT:Hb+O<11_,) ;

(b)

uniformly over m > 1;

(c) N
m ml2em
am,r = E (1 — o)™ = oy + O {Tg (cib) 2} ;

uniformly over m > 1.

> () ™ () ™2 () ™ > b m
mylma! - - my! ~ —~ malma!---my! '

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

Proof of Lemma 2. We first calculate pp;r = (Tw%)_lTrace(QTATWbAT). Let W) =

ArWyAr, then the (i, j)-th element of W} is

. . . . T .
AN 1—J _lz 1— D

(A.15)



So

Trace (QprAr Wy Ar) = Trace (QrWy)
T—ro

= Z {V(n—m)h(ﬁ TQ)} ZT: Z v(h1 kb<r2;h1’7;>

1<7’1,7’2<T ro= ].hl 1— —T2

(TZlTil Z Z) %b(m;hl,gf). (A.16)

hi=1r2=1 hi=1-T ro=1—hy

But
T—hy T—hy T
7’2+h1 9 hy 1 T —P
Sh () - w(h) - X Xe (M)
ro=1 ro=1 ri=1+hy p=1
1T hi T r T—h1
— T2
A YR(E) T A kb( )
ro=1 g=1 ro=1 p—lq 1
__TZZ b\ ZZ b
Tlflpfl 7‘2 1g=1
C p—q hy
+ZT2 k:b< >+Tk:b<T>+C(h1)
ro=1 p=1g=1

:_;Zikb (T; >+ka<hT) +C(h)

Sk (% 2) +T{kb (th) — ky <o>} +C(h), (A17)

where C'(h1) is a function of h; satisfying |C(h1)| < hy. Similarly,

ETJ B <r2+h1 ”) Zkb(” 7AQ)JFT{/-% (2}) —kb(O)}+C(h1). (A.18)

ro=1—

Therefore, Trace(Qr AWy Ar) is equal to

T—-1 ro T4 ﬁ B
h_;ﬂ Zl kb( )+T ZTjH { (T> ke (0)} +0(1)
h—z;Jrl <T2 rz) e h—§;+1 Al (%) {k (h/‘}(ll)/z(;z;)_qk o } o)

g
5 g

(77 ) +T0T) g, Z BI7 () (1 +o(1)) + O(1).  (A.19)
h——T+1

h=—00
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Using

T-1
S ) =1+ 0(2), (420
h=—T+1
and .
%Z%b(%g /kzbrrdr-l-O( )s (A.21)

we now have

1
%T:[;%&TMT—@T ( 2}:\mq >1+oﬂ»+0<;>. (A.22)

h=—00

By definition, u, = FZp, = fol kp(r,r)dr and thus pyr = pp + O (T‘l) as desired.

We next approximate Trace [(QpArWyAr)™] for m > 1. The approach is similar to
the case m = 1 but notationally more complicated. Let ropm4+1 = 71, romt2 = 712, and
hm+1 = hl. Then

Trace [(QpArWyAp)™]

I i r T
= (T9j T2j41
= > [T (21 = r2j)ke (7ng ]T )

71,72, 7T2m+1—1 j=1

T—ro T—ryg T—rom
- (ryy T2iv2 +hin
= Z )DIED SIS SR | Sl e
72,745, T2m=1h1=1—r9 ho=1—r4 hm=1—7roy, j=1
T—1T—h; 0 T T—1 T—hm
=122+ 2 > X X+ Z Z
h1=1 ro=1 hi=1-T ro=1—hy hm=1rom=1 hom=1-T rom=1—hm
HV Y (7”2J r2j+2 + hjt1
y | =L, 2=
T
:I+IL (A.23)
where
T—1T—hy 0 T T—1 T—hm
I={> >+ > > (X X+ Z Z
h1=1 re=1 h1=1-T ro=1—hy hm=1r2m=1  hp=1-T roym=1—hm
m

(A.24)

2
—
>
.
S~—
=t
f=al
N
3
(V)
<
N
<
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and

T-17T— h1 T—1 T—hm 0 T
=041 Z Z ) EID DD
hi=1re=1 h1=1-T ro=1—h; hm=1Tam= hm=1-T rom=1-hm
s |hj1]
TTho (M) - (A.25)
j=1
Here we have used
= (e roji2+hj = (T2 T2j42 |hji1]
ky| =, ————— | —ky | = =0 . A.26
b<T T ) b(T’ T ) ( bT (4.26)
To show this, note that
1 ) p—r h 1 R p—r
= —T2gt2 Ty L — 2542
e (PR e n 3 ()
p=1 p=1-hjq1
_12T:k P2 o (il (A.27)
ST T T ) '
and , il
25 — T25+2 — Nj4+1 25 — T25+42 j+1
k — k| ——————= || = A2
() () o (Bd). aa
so that
i (T2 T2+2 i
"\ T
= (T2 T2j42 roj —T2j42 — Ry — T2j42 |7yl
= (7 T)Jrkb( T > k( T >+O( T
_ 7 (T2 T2j+2 1]
_kb(T, - )+0< ). (A.29)

The first term (I) can be written as

T-1 T T-1 T 0 —h1
1= > - >~ 2 X
h1=1-T r2=1 hi=1ro=T—h1+1 h1=1-T r2=1

T-1 T-1 0 —hm

-5 % % S ez

hm=1-T r2m=1  hm=1rom=T—hm+1 hm=1-Trom=1/ j=1

-E 5 % fhea e (242} w

hi,ra hmsram J=1
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. . T-1 T T—1 T
where Zhjmj is one of the three choices Zh]:lfT roj=10 ~ 2h;—1 ij:T,th,

—h; . . . I
— Z(})szlfT > _ry;—1 and 3 is the summation over all possible combinations of (Z i D rm) .

The 3™ summands in (A.30) can be divided into two groups with the first group consisting
of the summands all of whose r indices run from 1 to T and the second group consisting
of the rest. It is obvious that the first group can be written as

STt | 3 {i (22,722
h j=1 r

The dominating terms (in terms of the order of magnitude) in the second group are of
the forms

> Tt {h (22.722)).

>
S
Il
—
|
S
<
V)
Il
—
>
S
Il
—
|
S
3
™
<
Il
v
>
S
T
—
>
3
Il
T
S
<
N
3
—
<
Il
—

or

ZT: Z XT; ﬁv(hj){%b(?’m?2>}'

These are the summands with only one r index not running from 1 to 7. Both of the
above terms are bounded by

T-1 T T-1 T-1 rom = (T25 T2j+42
DI DY H\’Y(%)H%’H‘kb(?ﬂ’ JT+>‘

hi=1-Tr2=1  hp=1-T  hp=1-T ram=1j=1 jp

m—2 m—

1
> (k)] > )l hyl |
hy hyp

using the same approach as in (A.3). Approximating the sum by an integral and noting
that the second group contains (m — 1) terms, all of which are of the same order of
magnitude as the above typical dominating terms, we conclude that the second group is

of order O [QmT m=—2 (c*{b)m_ﬂ uniformly over m. As a consequence,

=Y f[ ) | Yok (552 f o {2mrm 2 (e (A

h

uniformly over m.
The second term (II) is easily shown to be of order o <2me*2 (cfb)m_2> uniformly

over m. Therefore

Trace [(QrArWyAp)™]

(Sm) S ol o
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and

Fomg = 27 (m = DIT™™ (wg) ™" Trace [(Qr AT Wy Ar)™)

_ gm—1 Y —-m 7 (725 T2j+42 2ﬂ *p\m—2
9m=1 (1 1).{T Zrzkb(T, T)+0[T2(c1b) ]}

_ O 2m L e
=2m 1(m — 1)! /H/ kb (Tj,Tj+1)d7‘dej+1 + 0 [2 (Clb)m 2]
j=1"0 s
m!2™ *7\m—2
= Km + O ? (Clb) y (A33)

uniformly over m.
Finally, we consider oy, 7. Note that a1 7 = E(gr — ppr) = 0 and

m! 1
= ' j j KT A.34
m, Zﬂ: (i)™ (ja)™2 - - ()™ m1!m2!"‘mk!j1;£ 7, ( )

where the summation ) is defined in (A.8). Combining the preceding formula with part
(b) gives

_ O 2" b m—2 m!
Qm,T =am+ ﬁ(cl ) ;mllmg‘mk‘

ml22m

=am+0 {T2 (c;bw—?} , (A.35)

uniformly over m, where the last line follows because ! < AL |

™ milma!l--m

Lemma 3 Let Assumptions 2 and 8 hold. Ifb — 0 and T — oo such that bT — oo, then:

(a)
1 g 1
HoT = /0 ky (r,r)dr — (bT) g, (wT h:ZOO |h|q’y(h)> (I1+0(1))+0O (T) i (A.36)
(b) o 1
oo — 2/0 /O (ki (r, $))2 drds(1 + o(1)) + O <T> : (A.37)
(¢) for m =3 and 4,
oz = O (") 10 G) . (A.38)
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Proof of Lemma 3. We have proved (A.36) in the proof of Lemma 2 as equation (A.22)
holds for both fixed b and decreasing b. It remains to consider k,, r for m = 2, 3, and 4.

We first consider ko1 = 272 (w;l)Trace [(QTATWbAT)2 . As a first step, we have
Trace [(QTATWbAT

}
SHRUCEE

1,72,73,T4

(
:z%z%{

T ?) } Y(r1 —r2)y(rs — ra)

~ (19 ra+ho\~ (714 T9+ M
kb<T T )kb (T’ T )}’Y(hl)’Y(hz)

T2 1h1 1 T2 T4 1h2

T—1T—h1 T—1 T—ha 0 T
(Er-y v 2 X
hi1=1 ro=1 h1=1-T ro=1—hq ho=1 rq=1 ho=1-T rq4=1—ho
~ (r9 14+ ho ry T2+ hy
k ky | = h h
(i (2.2 ) b (22, 2 ) b s
=11+ Is + I3+ Iy, (A39)

where

CEEEE B
I YD DI Db wR (4 (REESEN Y (L NSRS

0 T 0 T
~ (ro ra+ha\+ (T4 T2+
= > Y Y Y (R R () e,
We now consider each term in turn. Using equation (A.29), we have

~ r9 T4+ ho 7 (T2 T4 b|h2|
k,,(T - >_kb<T,T)+O(T : (A.40)

~ (ra T9+ hy -~ /T4 To b |hi]
— = —, = . A4l
kb(T’ T > kb(T’T)+O< T (A-41)

and
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DB IPIAA CREEY CREy) SR

T—-1T-1T-1T-1
_ ~ (ry T4+ ho\ s (T4 T2+ M
- (i (275" ) o (3 ) Fathnha) + 0(m)

- {’%(23 ?)kl’(? 7;)}’r(hl)v(hg)JFO(T)

rof £ 5 58 0 (2 5] (U ) o

- {k (30 7) B (7 2) frh)v(he) + O(D). (A.42)

<
W~
Il
==

Following the same procedure we can show that

=YY Y Z{kb(” )R (F0 7)) frn) +O(T), (A43)

hi1=1r2=1hs=1-T rs=1
T T

- Y Y S ()R () ke 0@, (s

h1=1-T ro=1ro=1r4=1
and

i i i i{ (TQ 7"4) (%,%)}v(hl)'y(hz)JrO(T). (A.45)
h1=1-T r2=1 ha=1-T r4=1

As a consequence,

Trace [(QTATWbAT)Q}

—Z{kb(” r4>} (hTZl vm) +0(T), (A.46)

2,74 T

and

Ko, T = 272 (w;4) Trace [(QTATWI,ATF} (A.47)

:2/01 /01 (ki (r, 8))? drds(1 + o(1)) + O G,)

The proof for k,, r for m = 3 and 4 is essentially the same except that we use Lemma 1
to obtain the first term O(b™~!). The details are omitted. m
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A.2 Proofs of the Main Results

Proof of Theorem 1. It follows from Lemma 1 that

lasl = O(B?), |as| < |aa’* = 0% = o(b?). (A.48)
As a consequence,

Fs(z) = P{|wa )+5)“ P2l < 2}

= Gs(m?") + 5 (Gg(ﬂb22)24) as + o(b?), (A.49)

uniformly over z € z € RT where

1 1,1
up = EZp = / ky(r,r)dr =1 — / / ky(r — s)drds, (A.50)
0 0o Jo
and
1 rl 2 1 rl
ag =2 (/ / ky(r — s)drds> + 2/ / k2 (r — s)drds
0o Jo 0o Jo
1,1 gl
- 4/ / / ky(r — p)ky(r — q)drdpdyg. (A.51)
o Jo Jo
We first develop an asymptotic expansion of up and ag as b — 0. Let
1 [ 1
Ki(\) = 2/ k(x) exp(—idx)dz, Ko () = 7 / k2 (z) exp(—idx)dz,  (A.52)
T J_oo T
then
/ K1 (\) exp(idz)d), k*(z / Ko (N) exp(idz)dA. (A.53)

For the integral that appears in both w; and ag, we have

/01 /01 ko(r — s)drds

:/Z/cl (A)/Ol /Olexp(i)\(rb_s))drdsd/\

_ /_Z K1 (\) </Olexp(i>b\r)dr> (/Olexp(—iz\s)ds>

_ /Z/cl \) (i <<1 — cos <2>>2 + <sin <2>>2>> dA
_b/ K1 (A (Sm;%ycm

= 27bKC1(0) + 4b /OO K1 (A)/\_QICl © (sin ;;)) : d, (A.54)

—00
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where the last equality holds because

o /3 -2 by 2 oo
/ <2b> <sm 2b> d\ = 2/ 2 sin? xdr = 2r. (A.55)

/_Z K1 (/\));/Cl (0) <s1n2/\b>2d)\

:/:mu);/cl(m <<Sin2);7>2 ;) e 2/_00’@“);2’@(0)&
(B (o [ 0
_ ;/_o; (’Cl (M;Q’Cl (0)> X+ o(1) (A.56)

Now,

as b — 0, where we have used the Riemann-Lebesgue lemma. In view of the symmetry of
k(z), K1 (X\) =5 [ k(z) cos(Az)dz, and, therefore, (A.54) and (A.56) lead to

1 1
/ / ky(r — s)drds
o Jo

= 27bK1 (0) 4 20 /OO (’Cl (A)A_Q’Cl (0)> dA

= 271 (0) + b2 / / )= Ax cosAT =14
— 2mba (0) — b2/ k(z) o] da
= bey + bPez + 0(b2_)o.<> (A.57)
Similarly,
/1 /1 k2 (r — s)drds = bey + bPeq + o(b?). (A.58)
Next, n

/01 ky(r — s)ds

=5 [ [ fenP ) s ep- R dan
_Z/C(A) /0 cos <A(rb_ S)) dsd (A.59)
K

S
[ (o (5 2) () )
_b/

h K (xb) é ({sin (z(r — 1)) — sin (zr)}) dz,
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SO

Aiéiﬁﬁur—mmv—qum@

»? /01 U_Z/c (ab) é ({sin (z(r — 1)) — sin (z1)}) d:p} " ir

= b2K2 (0) /01 </Z %sin(m(r —1))dx — /Z isin(azr)dx)Zdr
— B2K2 (0) /01 (/_Z Wd(m(r 1) - /_o; %sin (zr) d:m")er

= b*K?(0) /01 <2 /oo ! sin (y) dy>2 dr = b2 (A.60)
Combining (A.57), (A.58), and (A.60) yields
=1 —bey — b?cs3 + o(b?), (A.61)
and
g = 2bcy + b(2c4 — 2¢3) + o(b?). (A.62)
Now

Fiy(2) = Gams) + 5 (Gh(m=)2*) oz + of1)
(

+
= Gs(2%) — G5(2%)2%be; — G5(2%)22b%cs + %Gg’(zQ)zAc%bZ

+ G (2%) 2 ey + %Gg(z2)24b2(04 —2c%)

+ %Gg"(z'?)zG (=bey) (2bc) + o(b?)

= Gs(2%) + [c2G (2 Dt — G2 )22] b (A.63)

- <G'5(z2)z203 - 5Gg(22)Z4(264 —c}) + GY (%) 0102> b? + o(b?)
uniformly over z € R, where the uniformity holds because |G§(2%)z%| < C, |G4(2%)z*| <
C and ‘Gg’(z2)26‘ < C for some constant C. This completes the proof of the theorem. m
Proof of Corollary 2. Using a power series expansion, we have

Fo(zap) = D(Zczx,b) + [C2D”(zi,b)zi,b - ch,(zi,b)z?x,b] b
—(U@@v@@—éﬂw@wa@rw%+DW%@£wwﬁﬁ+o@%

= D(z2) + D'(# (M—%M—D” ) (s = 22)’
[CQD//( V22 — 1 D'(22) 2]b

a

+ [2D"(:2)24 + 262 D"(:2)22 — e D"(22)22 — ex D' (:2)] (22, — 22) b

<D’( 2V22e3 — fD”( 222 (2c4 — )+ D" (2 )266102> b’ +o(b?), (A.64)
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)2
2)] b

i.e.
) + D” 22) (z b=
Zgz,b — Ra

)

D'(z3) (zi b &
+ [e2D" (= )22 — ch' zi] b
[c D"’( )z +202D”( )zz c D”( )22 —ch( )] [(
1
<D’( 2V22e3 — D"(z )22 (2¢4 — 3) + D" (2 )260162> b2 + o(b?) = (A.65)
Let
220 = 22 4 kb + kob® + o(b?) (A.66)
then
e D"(2%)z — ch'(zi)zg] b+ D'(22)k1b
— <D/(zi)z303 — *D//(ZZ) Yeg— )+ D" (22)28 clcz> b?
+ [caD"(22) 7 + 2coD" (22)22 — c1 D" (22)22 — 1 D' (22)] kq b° (A.67)
1
+ 5D”(zg)kzzﬂ + D'(22)kab® + 0(b%) = 0
This implies that
1 2,4 2y,2
ky = _D’(zg) [CQD”(za)za — ch'(za)za] , (A.68)
and
ky = —ﬁ [— (D'(22)72¢cs — 1D"(z V22 (2¢4 — cl) D" (22)28¢ciez
+ (D" (22) 24 + 2¢o D" (22)22 — c1D"(22)22 — e1 D' (22)) kv (A.69)
LD (2)K2]
Now
—1/2¢-2/2 1 1 3 1
D)= D'(z) = —— (—V22e72" — 23V/2e 2" A.70
(2) r(1/2)\/§’ ()= 1= (-v2me s~ 5 vaew), (A.70)
D"(z) = = <3Z\fe 2% 4+ 2:.2y/2e72% 4 2322 > (A.71)
Sﬁzi
and thus ":2) (a2
D" (% 1 3 z 4
D/(z2) = B (—2Z — 2Z ) y D/(ZZ) = @ (22 + 27+ 3) (A72)
Hence . )
k1= <01 + 202) zi + 502%, (A.73)
and
1, 3 3
= — A.74
ko (261+26162+1602+03+2 > ( 7)
1 1
02 + 264) (02> 6 _ <1GC%> zi

145 3
+ (— i+ 5C1e2 +
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as desired.
It follows from Zib = 22 + k1b + kab? + o(b?) that

1kib+ kob® 1 k302 9
zab:za<1+2 2 T8 A + o(b%)
_ 1k Thky 1KY\ 5
_Za+2zab+(2za 823 b° + o(b%)
= 2o + k3b + kgb? + o(b?) (A.75)
where . ) .
3
=— = ot = A.
k3 5 [(Cl + 262) Zo + 2C22a:| (A.76)
and
ky = L + = +§ +* + = :
1= gt et gaa it e )
1 1 5 7 1 1
+ (—40% + 16 + gc1e2 + 5= 352 > Zg + 8022 - 320327 (A.77)
]

Proof of Corollary 3. For notational convenience, let

P2 = (e+2) 2+ () =4 (A.78)

and then zib =22 4+ p(22)b+ o(b). We have

2
=1- Gy (22 +pW (2 —{caGs’ (22 +pW(200) [22 + pM(=2)] }b

+ 1 {Gf; (zi + p(l)(zi)b> (zi + p(l)(zi)b> } b+ o(b)
(

— 1 G5(22) — G52 (2)b — [eaG(22) 2k — e1Gy(22)22] b+ ()
= 1-Go(22) = G(zd) [(er + 5) 22+ (5) #4] b = [e2G5(22)28 — e1G(22)22] b+ o(b)
« o\ *a 2 « 92 « 5\Ra)?a
C2 Cc2
— 1 Gs(2) — Gi(22) [(cl + 5) 24 (5> zg] b— [caGU(22)24 — e1G(22)22] b + o(b)
= 1-Gs(2) — (S Gh(2)2h + eGi(2)2h + SG(z2)22 ) b+ o(b)
1 1
=1—Gs(22) — ¢ <2Gg(z§)zé + G(22) 25 + 2G3(22)23> b+ o(b). (A.79)
Note that ‘ )
o0 2 /9\J j—5 p—2/2
, (0°/2)" _sopp P 2e77
_ , A.
G(2) jzo [T L(j 4 1/2)20+1/2 (A-80)
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and

= (62/2) j—% —z/2 j—1 _
g(z)zz< /)6_52/2 (G- 1>1 27 2e _} ‘z e |
=0 J! 2°2T(j+1/2)2 92j+1/2 2F(_7+1/2)2J+1/2
= <—1 — 1) Gs5(2) + 3 (52/2)] o—0%/2 Zj_l/?e—f/2 j
22 2 =0 7! [(j+1/2)20+1/2 2
1_, 1
= —5Gs(:) | S +1) + K5 (2),
so that
,G/( )z + GY(z )z + Ga( )z —z4K5( )
and

1 — EGs(2)35) =1 — Gs(22) — cazaKs (22) b+ o(b),
completing the proof of the corollary. m
Proof of Theorem 4. It follows from Lemma 3 that when b — 0,
agp = Ko = 2bea(1+0(1)) + O (T71),

azr = k3 =00 +0 (T71),
Q4 = KT + 3!63711 =0 +0 (T,

and

por = o — (bT)~ ( 2 Z A7 ~( ) (1+o(1))+0(T7),

h=—o0

Thus, as b — 0

Frs(z {‘\/T (5 50) /Wb‘ < Z} =E{Gs(z"wr)} +0 (T

1
= Gs(myrz®) + §G5 (v 2 )24062,7’ + o(b)

1
= Gs(ur2?) + gGg(/JJbTZQ)Zél (2bc2) + o(b) + O (T_l)

= Gs(m2?) + G5 (mp2)2 (ot — ) + bea Gy (pz?) 2"
+o(b) + O (Tﬁl) ,

uniformly over z € R, using (A.84) and (A.85). But

Gs(mp2?) = G5(2) + G5(2%)2% (1p — 1) + o(b)
= G5(2%) — be1 G5 (2%) 22 + o(b),
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uniformly over z € RT, and

GS(Mb22)22 (MbT — Ip)

o0

= (G5(z*) + 0 (b)) #* {—9q <WE2 > h\q7<h>> (bT) (1 +0(1)) + O (T_l)}

h=—o0
(wT Z || T~ ( ) 52922 (0T) (1 +0(1)) +o(b) + O (T71),  (A.88)
h=—00
uniformly over z € RT. So
Prs(z) = Gs(22) + (2G4 (mp2?)2* — e1G5(2%)2%) b — gqdgrG5(22) 22 (bT) ™1
+ob+ (b)) +0 (T, (A.89)
uniformly over z € RT, as desired. m
Proof of Corollary 5. Part (a) Using Theorem 4, we have, as b+ 1/T + 1/(bT) — 0
Fro(zap) = D(Zi,b) + [CQD”(Zgz,b)Zi,b —aD'(z ib) fyb] b
— gqdqr D' (22 )22 ,(bT) "+ O (T7") + 0 (b+ (bT)79)
= Fo(zap) — quqTD (2a0)2ap(0T) 1+ O (T71) + 0 (b+ (BT)"7)  (A.90)
=1 —a—gyderD'(22)22(bT) "1+ O (T™") + 0 (b+ (bT) 7).
So
1 — Pro(zap) — o = godqrD'(22)22(bT) 1+ O (T™1) + 0 (b + (bT)79) . (A.91)
Part (b) Plugging zib into (48) yields

(\Fﬂ 50)

=1-Gs(zp) =[2G (25 )70 — 1G(25 )25 5] b
+ 90 Gh(2,) 22, (T) 7 + O (T) 40 (b-+ (b)) (492
=1-Gs(22) — 222 K (zi) b
+ 9qdqrG5(22)25(bT) "+ O (T™") + 0 (b+ (bT)7)
where the last equality follows as in the proof of Corollary 3. m

Proof of Theorem 6. First, since D(-) is a bounded function, we can rewrite (21) as

{‘W )= 1/2‘ <z}— lim ED(:*Z,)1{|Z, ~ | < B)

o0

= lim B 3 fm!D(m) (162%) (Bp — )™ 22" 1{|Zp — | < B}
© 4
1 (m) 2 2m -
= E}LIIMI 7m'D (ubz )amz 1 {‘ub /~Lb’ < B}, (A93)
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where the last line follows because the infinite sum >~ ; nll,D(m) (p2?) e z®™ converges
uniformly to D(z%Z;) when |Z, — up| < B. Uniformity holds because D(-) is infinitely
differentiable with bounded derivatives.

Since D(2%) decays exponentially as z?

— 00, there exists a constant C' such that

D™ (ubz2)z2m’ < C for all m. Using this and Lemma 1, we have

1
m!

—~p™ (ubz2)am22m

m=1

<C Z — \am\ <C Z 22mm' (cip)™ 1

Y (4™ < o0, (A.94)
m=1

provided that b < 1/(4c¢}). As a consequence, the operation limp_,+, can be moved inside
the summation sign in (A.93), giving

_ 1 m
P{‘W(l)Eb 1/2‘ < z} =3 — D" (wP)amm, (A.95)

when b < 1/(4c}).
Second, it follows from (46) that

P{VT (B~ ) fin| < 2} = E{D(*ar)} + 0 (T7). (A.96)
But -
E {D(ZQ%T)} = Z %D(m) (uszQ)amvTZQm, (A.97)
m=1

where the right hand side converges to £ {D(z2ng)} uniformly over 7" because

22l
Om, T = Om + ) {,TQ (Clb)m 2} )

uniformly over m by Lemma 2,

) (uszz)ZQ’”‘ < C for some constant C, and thus

1w
E —D (o7 2?) o 722 ™
m.

m=1

when b < 1/(4c}). Therefore

<C Z o] + 5 Z 22 (b2 < o0,

m=1

P{‘ﬁ(ﬁ—ﬁo) /@b‘ < Z} = 3 %D MbTZQ)@mTZ2m+O(;) (A.98)

m=1

uniformly over z € R*.



It follows from (A.95) and (A.98) that

|Fro(2) — Fo(z2)]

(V7 (3-5) i ) s <)
oo oo
1 (m) 1 (m) 1
= Z — D" (w2 72 — — D" (12 am2®™| + O(=)
m! m! T
m=1 m=1
SN e SN e 1
=1y P (162”) Qm,02™ — o (1527 2™ +0(3)
m=1 m=1
uniformly over z € R, where the second equality holds because
(m) (m) (m+1)
D" (urz®) =D (mp2?) + O <D i (,ubzz)zQ/T> ,
uniformly over z € R and
S|
m-+1
—p™* )(,ubz2)am 1222 < .
m!
m=1
Therefore,
(m) 1
|Fro(z) — Fo(z 221 — D" (12?) (.1 — am) 2% +0(7)
m=

~0 {;522% (c’;b))m—2} +0 (;)

of3)

uniformly over z € R as desired. m
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