
Fall 2020 ECONOMICS 200A Mark Machina 

 ASSORTED MICRO PRACTICE QUESTIONS               

Mathematical Topics 

1. From the envelope theorem, we know that if the objective function in an unconstrained 

maximization problem is strictly concave in its single control variable, and is sufficiently differ-

entiable (first, cross, and higher order derivatives) in its control variable and single parameter, then 

the first derivative of its associate optimal value function does not involve any indirect effects. Is 

this also true of the second derivative of the optimal value function? 

2. Given an explicit formula for some function g(z,) such that the solution function to the problem 

maxz g(z,) is strictly increasing, but the optimal value function for this problem is strictly 

decreasing. 

3. Consider the problem maxx ƒ(x,) with solution function x*() and optimal value function (). 

The envelope theorem states that () = ƒ(x*(),)/ which is the same as saying that: 

0 0

( ) ( ) ƒ( *( ), ) ƒ( *( ), )
lim lim
 

         

  →  →

+  − +  −
=

 

x x
 

But what is the most you can say about comparing the values of the two terms: 
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when  is not necessarily close to zero?  ( could be positive or negative.) 

4. Neither the function ƒ(x1,x2) = 
–
x
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2   nor the function g(x1,x2) = x1

2/x2
2 over R
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monotonic, but are either (or both) strictly quasiconcave or strictly quasiconvex?  Give your 

reasoning. 

5. Consider an unconstrained maximization problem max ƒ(x1,x2,) with control variables (x1,x2) and 

parameter , where for some two distinct pairs of interior optimal values (x1*,x2*) and (x1**,x2**) 

for some value 0. State and prove what the envelope theorem would look like in this case. 

6. If ƒ(x1,x2) and g(x1,x2) are both strictly quasiconcave functions but neither is necessarily strictly 

(or even weakly) monotonic, what (if anything) is the most you can say about whether or not the 

function h(x1,x2) = min[ƒ(x1,x2),g(x1,x2)] is strictly quasiconcave?  Give your reasoning, and be as 

formal as possible. 

7. Consider the optimization problem maxx h(x;), with solution functions x*(). Give a specific 

formula for h(x;) such that 
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8. Consider a market with strictly decreasing demand function D(p) and strictly increasing supply 

function S(p), each of which depends only upon the commodity’s price. Formally derive the 

formulas for the comparative statics derivatives of both equilibrium price and equilibrium quantity 

with respect to a sales tax (i.e., a proportional tax) on the commodity. 

9. Consider the constrained maximization problem 

                         ( )
1 2 3 4

2 4

1 2 1 3 1 2 3 4
, , ,
max 3   +    − + + −

x x x x
x x x x x x x x     subject to  x2 – 5x3 = 0 

If G(,) is the optimal value function for this problem, what is the most you can say about how 

the values of G(,)/ and G(,)/ are related to each other? 

10. Consider the optimization problem  “ ma
x
x ƒ(x,) ” where both x and  are scalars. This problem 

has solution function x*() and optimal value function (). Answer both (a) and (b): 

         (a)  Could it ever be possible that dx*()/d  = 0 for all   even though d()/d  > 0 for all  ? 

         (b)  Could it ever be possible that dx*()/d  > 0 for all   even though d()/d  = 0 for all  ? 

For each case, either give an example of a formula ƒ(x,) which exhibits the conditions, or explain 

why no such formula could exist. 

11. Consider the maximization problem maxx [ln(x) + (x+3) – x4], with solution function x*(,) 

and optimal value function (,). Can you say anything about whether (or when) the value of 

(,)/  is larger than, equal to, or smaller than x*(,) ? 

12. If () is a strictly increasing function, what is the most you can say about how the solution 

functions to the following two constrained maximization problems relate to each other: 

                                  Problem A:     max  ƒ(x1,...,xn)              subject to  g(x1,...,xn) = c 
                                                                  x1,...,xn        

                                  Problem B:    max  ƒ(x1,...,xn)        subject to  g(x1,...,xn) = c 
                                                                 x1,...,xn        

(HINT: Recall that solution functions are functions of the parameters.) 

13. Give a simple mathematical example of a function ƒ(x1,x2) that is a support function. Your example 

doesn’t have to be an economic example, but do give a verbal explanation of why your particular 

example is a support function. 

14. If ƒ(x1,x2) and g(x1,x2) are both strictly quasiconcave functions but neither is necessarily strictly 

(or even weakly) monotonic, what (if anything) is the most you can say about whether or not the 

function h(x1,x2) = min[ƒ(x1,x2),g(x1,x2)] is strictly quasiconcave?  Give your reasoning, and be as 

formal as possible. 

15. Let x* = x*(,,) be the solution to the maximization problem 

max [cos(x2) – ln(x+) + e(+)x] 
                                                                 x                              

 Which derivative has the greater absolute value: x*(,,)/ or x*(,,)/ ? 
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16. Consider a particular optimization problem  ma
x
x (x,,)  where 2(x,,)/x2 is everywhere 

negative, with solution function (,) and optimal value function (,). If it turns out that 

x*(,)/ > x*(,)/  for all values of  and , would the derivative (,)/ be greater 

or less than (,)/ ? 

17. Let  x1(k,c) . . . xn(k,c)  be the solutions to the problem   

max  k ƒ(x1,...,xn)           subject to  g(x1,...,xn) = c 
                                                        x1,...,xn        

as functions of the parameters k and c. What are the formulas for the partial derivatives: 

 x1(k,c)/k    x(k,c)/k     . . .       xn(k,c)/k 

(Assume that k is initially strictly positive and remains positive.) 

18. Consider the optimization problem maxx ƒ(x;), with solution function x*(). Would the sign of 

the dx*()/d be preserved under all strictly increasing transformations of the objective function, 

or could it change?  Would the magnitude?  Give your reasoning. 

 

Theory of Preferences and Demand 

1. If my utility function takes the form U(x1, x2, x3, x4) = min[x1+x2 , x3+x4], what are the algebraic 

formulas for my Marshallian and my Hicksian demand functions? 

2. Using four budget lines and two indifference curves in the (x1,x2) plane, illustrate the preferences 

of an individual for whom commodity one is an inferior good at a one value of p1, but a superior 

good at some other value of p1. 

3. If your friend says that their expenditure function is given by e(p1,p2,p3,u) = u[p1
1/3+p2

1/3+p3
1/3], 

what’s the most you can say about the properties of their utility function U(x1,x2,x3)? 

4. What is the relation between the money metric utility function and the expenditure function? Be 

as complete as possible in your answer. 

5. Answer both parts: (i) What (if any) are the scale properties of lexicographic preferences? (ii) What 

is the most you can say about the Slutsky decomposition for lexicographic preferences?  In ease 

case use verbal reasoning only. 

6. Consider a consumer with an increasing, differentiable, strictly quasiconcave utility function 

U(x1,x2). If a doubling of p2 leads to a halving of the Engle curve for x1 (i.e. for each I, the value 

of x1* is halved), what is the most you can say about the individuals own price elasticity of demand 

for x2? 

7. Derive the (regular, not compensated) demand function for commodity two, for an individual with 

utility function U(x1,x2,x3) = min[x1,2x2,3x3].  Also give your verbal reasoning.   
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8. Consider a worker who faces a wage rate of w for the first 40 hours of work, and an additional 

overtime premium w for each hour of work above 40 hours.  How would the comparative statics 

of changes in w differ from the comparative statics of changes in w? 

9. Answer both parts: (a) Give a rigorous verbal definition of the money metric indirect utility 

function; (b) Derive the formula for the money metric indirect utility function for the utility 

function U(x1,x2) = x1 + x2. 

10. My expenditure function is e(p1,...,pn,u) and my brother’s expenditure function is e*(p1,...,pn,u)  

3e(p1,...,pn,u). What (if anything) can you say about the relationship between my indirect utility 

function and his?   

11. If my utility function is U(x1,x2) = max[x1,x2], derive my demand functions for x1 and x2.  

12. My expenditure function is given by e(p1,p2,u)  u(p̄̄1p̄̄2). When p1 = 4 and p2 = 25, what is 

my marginal utility of income? 

13. If my utility function is U(x1,x2) = x1 + 2x2, what is the formula for my marginal utility of income 

as a function of p1, p2 and I?  

14. If I have a linear utility function for two goods, and the slope of my demand curve for good one is 

–½ for some specific values (p1,p2,I) = (p̂1,p̂2, Î), what can you say about the slope of my Engle 

curve for good one at (p̂1,p̂2, Î)? 

15. My utility function is U(x1,x2,x3) = min [ x1+x2 ,  x3 ]. Does there exist a bundle (x̂1 , x̂2 , x̂3), 

containing strictly positive amounts of each good, at which my tradeoff rate (i.e., marginal rate of 

substitution) between very small but non-zero changes in goods 1 and 3 is exactly one (in absolute 

value)?  What if my utility function is U(x1 , x2 , x3) = x1 + min[x2 ,  x3 ] ? 

16. Is the sign (not the value) of the cross-partial derivative of a utility function U(x1,x2) a cardinal or 

an ordinal concept? Give your reasoning. 

17. If h1(p1,p2,u) and h2(p1,p2,u) are my Hicksian demand functions for goods one and two, what is the 

most you can say about the level curves of the function h2(p1,p2,u) in the (p1,p2) plane (holding the 

value of u fixed)? 

18. Using at least 4 indifference curves and 4 budget lines, 

illustrate the preferences of an individual with an increas-

ing, strictly quasiconcave, differentiable utility function 

U(x1,x2), whose demand for good one approaches a limit of 

x1* = 26 as p1 goes to 0. (Note from the “hole” in the curve 

that x1* is not defined at p1 = 0.) Assume that p2 and I 

remain fixed at  
–
p2 and Ī . 

p1 

x1 
26 

D 

p2 = 
–
p2 I = Ī 
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19. Walras’ Law is a formula that involves the Marshallian demand functions. What would the 

formula look like, if it were instead to involve the Hicksian demand functions? Be as complete and 

possible. 

20. Answer both parts: (a) Give a rigorous verbal definition of the money metric (direct) utility 

function; (b) Derive the formula for the money metric utility function for the utility function 

U(x1,x2) = x1 + x2.  

21. Can you derive an equation linking a consumer’s Marshallian demand function for a commodity 

in terms of his or her indirect utility function or its derivatives? If you can’t derive such an 

equation, at least provide one. 

22. If a 3% increase in the price of apples causes a 2% decrease in the the consumer’s budget share of 

apples, what is the consumer’s price elasticity of demand for apples? (Assume that no other price, 

or income, has changed.) 

23. Either:  

  (a)  Give an example of a discontinuous utility function which represents a reflexive, 

complete, transitive and continuous preference relation over R2
++,  or 

  (b)  Prove that no such example can exist. 

24. If V(p1,…pn,I) is a consumer’s indirect utility function and h1(p1,..., pn,u),...,hn(p1,..., pn,u) are his 

or her compensated demand functions, what is the most you can say about the function 

g(p1,…,pn,u)  V(p1,..., pn,
n
i=1 pi hi(p1,..., pn,u))? 

25. If an individual has a utility function U(x1,x2), what is the most you can say about the level curves 

of their Hicksian demand function h1(p1,p2,u) in the (p1,u) plane, for fixed level of p2? 

26. Either:   (a)  Give an example of a bounded utility function which represents a strictly 

                     monotonic preference relation over R2
++, or 

     (b)  Prove that no such example can exist. 

27. Derive the indirect utility function for an individual with the utility function U(x1,x2,x3,x4) = 

[x1 + x2 + min(x3,x4)]
7/8. 

28. A utility maximizing consumer who faces prices and income (p1,p2,p3,p4,p5,I) purchases the bundle 

(x*
1,x*

2,x*
3,x*

4,x*
5) which is a corner solution, that is, at least one of the five commodity levels is zero 

(though not all five). At this bundle, the consumer’s marginal utilities are: 

MU1(x*
1,x*

2,x*
3,x*

4,x*
5) = 6      MU2(x*

1,x*
2,x*

3,x*
4,x*

5) = 6      MU3(x*
1,x*

2,x*
3,x*

4,x*
5) = 4    

MU4(x*
1,x*

2,x*
3,x*

4,x*
5) = 2      MU5(x*

1,x*
2,x*

3,x*
4,x*

5) = 2 

What is the most you can say about the values of p1, p2, p3, p4 and p5? 
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29. My utility function U(x1,x2) is strictly increasing, differentiable and satisfies the Hypothesis of 

Strictly Diminishing MRS. What are the alternative possible sets of conditions on the values of 

x*
1,   x*

2,   p1,   p2,  MRS(x*
1,x*

2) 

that could correspond to (x*
1,x*

2) being an optimal commodity bundle. (For example, one set of 

conditions might be “x*
1 = 0,  x*

2 > 0 and MRS(x*
1,x*

2)  p1/p2”.) 

30. My utility function is U(x1,x2) = exp[x1]·exp[x2]. Of the four specific types of utility functions we 

have studied, which corresponds most closely to my preferences?   

31. My utility function U(x1,x2) is strictly increasing, differentiable and satisfies the Hypothesis of 

Strictly Diminishing MRS. But there is also “rationing” in the market and I am only allowed to 

purchase up to 10 units of good two. What are the alternative possible combinations of conditions 

on the values of  

x*
1,   x*

2,   p1,   p2   and   MRS(x*
1,x*

2) 

 that could correspond to (x*
1,x*

2) being an optimal commodity bundle?  

32. If I only consume three goods x1, x2 and x3, if my elasticity of demand for x1 is –1/2, my cross price 

elasticity of demand for x1 with respect to p3 is 0, and my income elasticity of demand for x1 is 3, 

then are x1 and x2 complements or substitutes? 

33. Can there exist an everywhere locally nonsatiated utility function U(x1,x2) whose expenditure 

function e(p1,p2,u) has the property that e(p1,p2,u)/p1  e(p1,p2,u)/p2 at all positive values of 

p1, p2 and u ? If so, give an example. If not, explain why not. 

34. Give the formulas for a pair of different everywhere locally nonsatiated (though not necessarily 

increasing) utility functions U(x1,x2) and U*(x1,x2), which have globally identical demand 

functions for good one (i.e. for all values of p1, p2, and I), but do not have globally identical demand 

functions for good two. (It is okay if their demand functions for good two coincide at some points, 

such as when I = 0). 

35. My demand functions for goods one and two are x1*(p1,p2,I) , x2*(p1,p2,I). If 

x1*(2,5,90)  =  20     x2*(2,5,90)  =  10     and     x1*(2,4,90)  =  15    x2*(2,4,90)  =  15 

 can you say anything about how I would rank the commodity bundles (20,10) versus (15,15)? 

36. A consumer has a regular strictly increasing, strictly quasiconcave utility function U(x1,x2). 

Consider the levels curves of a consumer’s indirect utility function V(p1,p2,I) in the (I, p1) plane, 

holding p2 constant. If I and p1 vary so as to move upward along such a level curve, what is the 

most you can say about what happens to the consumer’s purchases of good two? 

37. Can there exist an everywhere locally nonsatiated utility function U(x1,x2) whose indirect utility 

function V(p1,p2,I) has the property that V(p1,p2,I)/p1  V(p1,p2,I)/p2 for all positive values of 

p1, p2 and I ? If so, give an example. If not, explain why not. 
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38. My utility function U(x1,x2,x3) is differentiable, and is also strictly increasing in each argument. If 

my optimal commodity bundle when (p1,p2,p3,I) = (2,4,6,10) is (2,0,1), what is the most you can 

say about my marginal utilities for each commodity at this utility maximizing point?   

39. I have an increasing, differentiable, but not necessarily separable utility function U(x1,...,xn). Let 

1( ,..., ),ij n kMRS x x xE  denote the elasticity of my marginal rate of substitution between goods i and j with 

respect to my consumption level of good k (where k  i,j). Is the value of 
1( ,..., ),ij n kMRS x x xE  preserved 

under all strictly increasing transformations of my utility function, or could it change? 

40. If U(x1,...,xn) is a consumer’s utility function and e(p1,...,pn,u) is their expenditure function, then 

the following two formulas are both measured in dollars/time: 

e(p1,..., pn,U(x1,..., xn))      vs.       
n
i=1 pi xi 

Can you say anything about whether (or when) the value of the left-hand formula is larger than, 

equal to, or smaller than the value of the right-hand formula? 

41. My utility function U(x1,x2) is strictly increasing in each good, and satisfies the Hypothesis of 

Strictly Diminishing Marginal Rate of Substitution, and MRS(5,5) = –2. How I would rank the 

commodity bundles (4,6) versus (6,3)? (Work in exact terms - don’t use linear approximations.) 

42. My utility function U(x1,x2,x3) is strictly increasing, smooth, and strictly quasiconcave, and 

differentiable. If my budget share for x1 is very small and my budget share for x3 is very large, how 

would the following two cross-partial derivatives of my Hicksian demand curves compare with 

each other: h1(p1,p2,p3,u)/p3 vs. h3(p1,p2,p3,u)/p1 ? 

43. If U(x1,...,xn) is a consumer’s utility function and V(p1,...,pn,I) is their indirect utility function, then 

the following two formulas are both measured in utils/time:    

V(p1,..., pn, 
n
i=1 pi xi)      vs.       U(x1,..., xn) 

Can you say anything about whether (or when) the value of the left-hand formula is larger than, 

equal to, or smaller than the value of the right-hand formula? 

44. Consider a consumer whose indifference curves are as in 

the diagram. These indifference curves are all strictly 

downward sloping, and they asymptote to each axis, but 

don’t intersect, each axis. What is the most you can say about 

the properties of this individual’s Marshallian demand curve 

for commodity one, for fixed income and fixed price of 

commodity two? 

45. Explain what it would mean for a choice function (not a preference relation) to satisfy 

Houthakker’s axiom of revealed preference. 

46. Could a strictly increasing and strictly convex utility function U(x1,x2,x3) have an expenditure 

function of the form e(p1,p2,p3,u) = 
–
u  min[p1,p2,p3]? 

x2  

x1 
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47. My utility function U(x1, x2, x3, x4) is strictly increasing, differentiable and strictly quasiconcave, 

and my optimal consumption bundle at prices and income (–p1, 
 –p2, 

 –p3, 
 –p4, I ) (all positive) satisfies  

1 1 2 3 4 2 1 2 3 4 3 1 2 3 4 4 1 2 3 4

1 2 3 4

* * * * * * * * * * * ** * * *( , , , ) ( , , , ) ( , , , ) ( , , , )MU x x x x MU x x x x MU x x x x MU x x x x

p p p p
 =   

If all commodity levels must be nonnegative, what is the most you can say about which of my 

commodity levels are zero and which are strictly positive? 

48. Consider a consumer with preferences represented by a continuous, strictly increasing utility 

function, who maximizes utility subject to a budget constraint.  

 (a) Suppose that after purchasing their original optimum, the consumer is given a coupon that 

entitles them to consume an extra free small unit of one commodity of their choice. On what 

commodity should they use the coupon? 

 (b) Suppose that the consumer is instead given a coupon that allows them to reduce the price of 

one of the commodities by a given small amount per unit. On what commodity should they 

use the coupon? 

 (c) Suppose that the consumer is instead given a coupon that allows them to reduce the price of 

one of the commodities by a given small percentage value. On what commodity should they 

use the coupon? 

For each commodity, assume that its units of measurement (e.g. ounces, grams, etc.) is 

predetermined and does not change. 

49. Say we know that an individual maximizes a differentiable, strictly increasing utility function 

U(x1,...,xn) over commodity bundles. We do not know the utility function, nor can we directly 

measure the utility of any bundle, but we can observe how the consumer ranks any collection of 

bundles, and we can observe the consumer’s ranking of as many bundles as we wish. 

         (a) Is it possible to empirically test the hypothesis that, holding all other commodity 

  levels constant, the marginal utility of commodity one diminishes as its 

  consumption level increases? 

         (b) Is it possible to empirically test the hypothesis that, for any commodity levels, the 

  marginal utility of commodity one plus the marginal utility of commodity two is 

  always less than the marginal utility of commodity three? 

In each case, either describe a test, or explain why no test could ever work. 

50. My utility function U(x1,...,x10) depends upon 10 commodities. If my demands for commodities 2 

through 10 are each positive and constant over a certain range of income, is my income elasticity 

of demand for commodity 1 an increasing, a decreasing, or a constant function of income over that 

range? (Assume p1,...,p10 are fixed throughout.) 

51. Answer either (a) or (b) (not both): 

  (a)  Can quasilinear preferences also be homothetic? 

  (b)  Give a simple example of a choice function that violates Houthakker’s axiom of  

 revealed preference.  (HINT: Try using just 3 alternatives.)  
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52. In the Slutsky equation, we subtract the expression xixi/I from the expression xi/pi|U=U , where 

xi is the consumer’s consumption of commodity i, pi is the price of commodity i, and I is the 

consumer’s income. Recalling that consumption is a flow (and hence measured in the units 

“physical units/time”), in what units are the expressions xixi/I and xi/pi|U=U  measured? 

53. Using at least three indifference curves and three budget lines, graphically illustrate a situation 

where the individual’s Engle curve for good one is a straight line over the entire income interval 

of I = [100,200], but whose income-consumption locus never has any straight-line segments for 

100  I  200. 

54. Using budget lines and smooth, downward sloping, quasiconcave indifference curves in the (x1, 

x2) plane, illustrate the Slutsky decomposition of the effect of a regular rise in the price of 

commodity two upon my demand for commodity one, in a situation where commodity two is an 

inferior good. Give a verbal description/explanation of your illustration.  

55. Provide an explicit example of an ordinal utility function U(x1, x2, x3, x4) over commodity bundles 

(x1, x2, x3, x4) that is weakly (or strictly) increasing, weakly (or strictly) quasiconcave, and which 

implies the following “partial indirect utility function”: 

( ) ( ) ( )1 2 3 4 3,4 1 2 3,4 3 4, , , , min ,4V x x p p M x x M p p     

  where M3,4 denotes money spent on x3 and x4 at prices (p3,p4). 

56. How would the effect of a rise in income on the total expenditure on a commodity relate to the 

own price elasticity and own compensated price elasticity of the commodity? Give your reasoning. 

57. I consume only two commodities, and the first commodity is an inferior good for me over the 

income range [I1,I2]. Could the slope of my Engel curve for the second commodity be strictly less 

than one everywhere on the same income range [I1,I2]? Give a complete rigorous verbal and/or 

graphical answer, and do not write down any algebraic equations or derive any derivatives. 

58. If my preferences are smooth and satisfy the hypothesis of strictly diminishing MRS, and e(p1, p2, u) 

is my expenditure function, what is the most you can say about the elasticities 

1 2 1 1 2 2( , , ), ( , , ), versus ?e p p u p e p p u pE E  

59. A consumer has a regular strictly increasing, strictly quasiconcave utility function U(x1,x2). 

Consider the levels curves of a consumer’s indirect utility function V(p1,p2,I) in the (I, p1) plane, 

holding p2 constant. If I and p1 vary so as to move upward along such a level curve, what is the 

most you can say about what happens to the consumer’s purchases of good two?  

60. When grapes cost $2/bag and my income is $100/week, I buy 3 bags/week. If the slope of my 

compensated demand curve for grapes is –1 and the slope of my regular demand curve for grapes 

is –2 (i.e., it’s steeper), what is my income elasticity of demand for grapes? (HINT: Be careful – 

how does the slope of a demand curve relate to x/p?) 
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61. How would you describe the income and substitution effects of a change in p1 for an individual 

who has lexicographic preferences over (x1, x2) commodity bundles? (Say x1 has primary 

importance.) 

62. Answer both parts: (i) Give an explicit example of a utility function U(x1,x2) whose Slutsky 

decomposition of dx1(p1,p2,I)/dp1 at some given point (p1,p2,I) had an infinite substitution effect. 

(ii) Give an explicit example a utility function U(x1,x2) whose Slutsky decomposition of 

dx1(p1,p2,I)/dp1 at some given point (p1,p2,I) had an infinite income effect. 

63. If I have a linear utility function for two goods, and the slope of my demand curve for the first 

good is –1 for some given values of p1, p2, and I, what can you say about the slope of my demand 

curve for the second good at these same values of p1, p2 and I? 

64. Give a specific formula of a utility function U(x1,x2,x3,x4) which implies that the consumer’s 

Marshallian demand functions for the commodities x1 and x2 take the form: 

1 1 2 3 4 2 1 2 3 4

1 2 3 4 1 2 3 4

* *
2 2

( , , , , ) ( , , , , )
2 ( ) min[ , ] 2 ( ) min[ , ]

I I
x p p p p I x p p p p I

p p p p p p p p

 
= =

 + +  + +
 

 What does your utility function imply about the demands for commodities x3 and x4? 

65. I only consume two commodities, beer and pizza. Which would have a greater effect upon the 

amount of pizza I consume: (a) a doubling of pbeer, or (b) a halving of both ppizza and my income.  

66. If I am indifferent between the (dollar,apple) bundles ($13,21) and ($10,22), what’s the most you 

can say about my equivalent and compensating variations for one apple? Give your reasoning. 

67. The regular demand functions for Cobb-Douglas utility function U(x1,x2,x3) =
31 2

1 2 3A x x x     are: 

    1 2 3

1 2 3

( , , , ) i
i

i

I
x p p p I

p



  + +
=   i = 1, 2, 3 

 These functions are fully solved, in the sense that right sides of their equations depend upon  

1, 2, 3,   p1,  p2,   p3 and/or I, but not upon x1, x2, x3 or u. 

 If h1(p1,p2,p3,u), h2(p1,p2,p3,u) and h3(p1,p2,p3,u) are this same individual’s compensated demand 

functions, derive the formula for the partial derivative h2(p1,p2,p3,u)/p2. Your formula must be 

fully solved: that is, the right side can depend upon 1, 2, 3,   p1,  p2,   p3 and/or I, but not upon x1, 

x2, x3 or u. 

68. If I only consume commodities x1 and x2, and if they are perfect substitutes, how would their Engel 

curves be related to each other? Be as complete as possible in your answer. 

69. What is the simplest way to express the right side of the following identity? 

p1·x*
1(p1 ,...,pn,e(p1,...,pn,u))   +  ...  +   pn·x*

n(p1,...,pn,e(p1,...,pn,u))        ? 

(where x*
i(p1,...,pn,I) is the regular demand function for commodity i). 
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70. What is the simplest way to express the right side of the following identity? 

p1·h*
1(p1,...,pn,u)   +  ...  +  pn·h*

n(p1 ,...,pn,u)       ? 

where h*
i(p1,...,pn,u) is the compensated demand function for commodity i. 

71. Demonstrate that for a given level of tax revenue generated, an income tax will leave the consumer 

with a higher level of utility than will an excise tax on a single good. You may assume a two-good 

world. Your demonstration may be graphical, provided it is accompanied with sufficient verbal 

reasoning. 

72. Analytically derive the slope of a utility function U(x1,x2)’s income-consumption locus in the 

(x1,x2) plane. Along with your algebra, give your verbal reasoning. 

73. Consider a consumer with utility function U(x1,x2,Le) which depends upon two commodities x1,x2 

as well as leisure time Le. How might the Composite Commodity Theorem help in the analysis of 

the comparative statics of this consumer’s behavior?  Be as complete as possible, and give your 

reasoning. 

74. Derive the expenditure function e(p1,p2,p3,u) corresponding to the utility function  

U(x1,x2,x3)  min[ x1/2 , x2/2 , x3/2 ] 

75. Could the following two conditions be simultaneously true? 

     V(p1,p2,p3,p4,I)/p2 = 0 at the positive values of  p1, p2, p3, p4 and I 

     U(x1,x2,x3,x4)/xi > 0 for all values of (x1,x2,x3,x4) and all xi 

 (where U() is my utility function and V() is my associated indirect utility function.) If so, give an 

example. If not, explain why not. 

76. Derive the Marshallian demand functions for an individual with the utility function U(x1,x2,x3,x4) 

= (x1+x2)
7/8[min(x3,x4)]

7/8.  

77. Say a consumer’s strictly increasing utility function U(x1,...,xn) was such that its compensated 

demand functions hi(p1,…, pn, u) had “kinks” in the variable u, whenever u exactly equaled some 

integer value. That is, whenever u is exactly an integer (…–2,–1,0,+1,+2,…), we have 

1 1 1 1

0 0

( ,..., , ) ( ,..., , ) ( ,..., , ) ( ,..., , )
lim limi n i n i n i nh p p u h p p u h p p u h p p u

 

 

  

+ − − −
  

 What would this imply about the consumer’s regular demand functions? 

78. My utility function takes the form U(x1,x2) = ln(x1) + 
–
x
–
2  . Derive the formula for my income-

consumption locus in the (x1,x2) plane. Express this formula as x2 being some explicit function of 

the variable x1 (as well as any other relevant variables). 
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79. Could a utility function U(x1,x2) ever represent a preference relation  on [0,1]  [0,1] that is not 

continuous?  If so, give an example of a preference relation  on [0,1]  [0,1] that is not continuous 

and a utility function which represents it. If not, prove that such an example could not exist.  

(NOTE: Do not assume that the utility function has to be continuous, or that the preference relation 

has to be monotonic.) 

80. Give a formal definition of the money metric utility function, and also verbally describe the 

economic nature of the formula we would get, if we substituted an individual’s money metric 

utility function into their indirect utility function. 

81. My utility function is U(x1,x2,x3), and an example of a different utility function which corresponds 

to the same preferences is U*(x1,x2,x3)  [U(x1,x2,x3)]
3. If my expenditure function is e(p1,p2,p3,u), 

give an example of a different expenditure function which corresponds to the same preferences.  

82. Could a strictly increasing, continuous utility function U(x1,x2) ever exhibit both: 

  (a)   Each of its indifference curves hits the horizontal and vertical axes at finite locations, 

  (b)   The consumer will never be at a corner solution for any (p1,p2,I)(0,)(0,)(0,). 

If so, give an example. If not, prove why not.   

83. Say my utility function for first period consumption and second period consumption is given by 

the minimum of these two values (i.e., it is Leontief): 

(a) Under what conditions on my first period income, my second period income, and 

the interest rate would I be a borrower in the first period? 

(b) My indirect utility function depends on first period income, second period income 

and the interest rate. Under what conditions is its derivative with respect to first 

period income greater than its derivative with respect to second period income? 

84. Present the “one-step proof of the Slutsky equation.” (HINT: Never forget these ancient 

Babylonian words of wisdom: “The amount of a commodity you buy when your utility is being 

held fixed at a certain level always equals the amount of the commodity you buy when you have 

just enough income to attain that utility level.”) 

85. Is the following condition cardinal? ordinal? Can it be observed from knowledge of the consu-

mer’s indifference map alone, without any labels on the indifference curves? 

“As we move down (southeast) along any indifference curve in the  

 (x1,x2) plane, the marginal utility of good one strictly diminishes.” 

86. Give an example of a utility function U(x1,x2,x3) which implies that the consumer’s Marshallian 

demands for commodities 

x1*  = x1*(p1, p2, p3, I) ,      x2*  = x2*(p1, p2, p3, I)    and     x3*  = x3*(p1, p2, p3, I)    

 have the following properties: 
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( )
( )

( )

2 1 31 3 1 3

1 2 3

2 1 32

,0, if    
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0, ,0 if    
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  +


= 
  +


 

What does your utility function imply about the demand for these goods when  p2 = p1 + p3? 

87. A consumer with utility function U(x1,x2,x3) is indifferent between facing the economic 

environment (p1, p2, p3, I) = (12,30,6,120) versus facing the economic environment (p1, p2, p3, I) = 

(15,25,4,120). What is the most (if anything) you can say about how this consumer would feel 

about the economic environment (p1, p2, p3, I) = (180,200,20,1200)? 

88. Prove that if a preference relation is not transitive, then it cannot be represented by a real-valued 

utility function. 

89. At prices and income (p1, p2, I) my optimal consumption bundle is (12,12), and my MRS there is –

4. If p2 is the variable that changes, and the slope of my price-consumption curve through (x1*, x2*) 

is +3, what is the most (if anything) you can say about my own-price and cross-price elasticities 

of demand with respect to p2 at that point? 

90. My utility function is U(x1,x2,x3) = min [ x1+x2 ,  x3 ]. Does there exist a bundle (x̂1, x̂2, x̂3), containing 

strictly positive amounts of each good, at which my tradeoff rate (i.e., marginal rate of substitution) 

between very small but non-zero changes in goods 1 and 3 is exactly one (in absolute value)?  

What if my utility function is U(x1 , x2 , x3) = x1 + min[x2 ,  x3 ] ? 

91. I consume two commodities, x1 and x2. If my marginal rate of substitution for these commodities 

does not depend upon my consumption level of commodity two, what is the most you can say 

about the relationship between my Marshallian and Hicksian demand functions for these two 

commodities? 

92. If my utility function U(x1,x2) is strictly increasing, differentiable and satisfies the Hypothesis of 

Strictly Diminishing MRS, and my regular demand functions are given by x1*(p1,p2,I) , x2*(p1,p2,I), 

what is the most you can say about the following function k(x1,x2)?  

 k(x1,x2)    x2*( MRS(x1, x2), 1,  MRS(x1, x2)x1 + x2) 

93. A consumer has a utility function U(c1,c2) over the set of two-period consumption streams (c1,c2) 

| ci[0,). He or she has an endowed income stream of (I1,I2), and can borrow or lend at interest 

rate 1+r. All of this leads to an indirect utility function V(I1,I2,1+r) for the consumer. Can you 

derive his or her first period supply of savings/demand for borrowing function S1(I1,I2,r) from the 

function V(I1,I2,1+r) alone? If so, do so. If not, state what additional information (short of the 

utility function U(c1,c2)) you would need. In either case, be as explicit as possible. (HINT: 

Remember that this setting is just a special case of the general consumer theory problem.)  
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94. We have seen that the derivative (“differential rate of change”) of a consumer’s expenditure 

function is linked to their Hicksian demand function by the equation e(p1,…, pn, u)/pi  

hi(p1,…, pn, u). What is the most you can say about the relationship between the nondifferential 

rate of change [e(p1,…, pi+pi,…, pn, u) – e(p1,…, pi,…, pn, u)]/pi and hi(p1,…, pi,…, pn, u)? 

95. Say I only consume two commodities. If e(p1,p2,u) is my expenditure function, what is the most 

you can say about how the elasticity of this function with respect to p1 relates to the elasticity of 

this function with respect to p2 ? 

96. My preferences over commodity bundles (x1,x2) satisfy the Hypothesis of Diminishing Marginal 

Rate of Substitution, and I am indifferent between the bundles (9,10) and (10,9) 

             (a) Can you say anything about whether the bundle (20,5) is more or less preferred than 

 the bundles (9,10) and (10,9)? 

             (b) How would your answer to (a) change if I told you that I was indifferent between 

 (20,5) and (21,3)? 

97. If I only consume commodities x1 and x2, and if they are perfect substitutes, how would their Engel 

curves be related to each other? Be as complete as possible in your answer. 

98. USE WORDS ONLY:  My indifference curves over goods one and two are “thin,” smooth (no 

kinks), strictly downward sloping, and satisfy strictly diminishing marginal rate of substitution.  If 

good two is an inferior good for me, how would my marginal rate of substitution change as the 

result of a rise in my consumption of good one (holding good two constant)?  

99. USE WORDS ONLY:  Consider an individual whose utility function only depends upon two 

goods.  How would the values of the following two elasticities relate to each other?  

              Elasticity of compensated demand for good one with respect to the price of good one. 

              Elasticity of compensated demand for good one with respect to the price of good two. 

 

 

Choice Under Uncertainty 

1. Consider a “Friedman-Savage” type individual who purchases insurance against losses yet buys 

lottery tickets in the hopes of high gains. What would this individual’s indifference curves in the 

Hirshleifer-Yaari diagram look like? (SUGGESTION: Assume –p1 and –p2 are fixed and add up to 

one; assume that utility is concave for all wealth levels below $1,000 and is convex for all wealth 

levels above $1,000). 

2. Consider an individual with initial wealth $W who faces a probability p of a loss of $X, where p  

(0,1) and X  (0,W). This individual is an expected utility maximizer with von Neumann-

Morgenstern utility function U(·) satisfying U(·) > 0 and U(·) < 0. Assume the individual can 

purchase insurance against this loss, where all insurance companies are risk neutral and the 
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insurance industry is perfectly competitive. Finally, assume the values of W, X and p are fixed and 

known to the individual, and the values of X and p are also known to the insurance company. 

      (a) Assume that insurance companies face an administrative cost of $k > 0 per policy and only 

offer full insurance, so that the individual can either pay pX + k to completely insure 

against the possible loss, or else purchase no insurance at all. Derive the conditions under 

which the individual would purchase full insurance. 

      (b) Assume that insurance companies decide to offer partial insurance, so that the individual 

can now choose to pay pX + k for a policy which would cover proportion  of the loss. 

Derive the individual’s demand for insurance function. 

3. Give both an algebraic demonstration, and a graphical depiction in the probability triangle, as to 

why the following set of lottery preferences (observed in actual experiments by psychologists) 

violate the expected utility hypothesis. In your graph, stick with all of the labeling we have used, 

including axis labels and the convention –x1 < –x2 < –x3 for final monetary wealth levels. 

 ($3000,.90; $0,.10)  ($6000,.45; $0,.55)   yet   ($3000,.002 ; $0,.998)  ($6000,.001 ; $0,.999) 

4. Consider the lotteries: 

( ) ( )1 1 1 1 1
2 2 4 2 4

$20 , ; $40, $10 , ; $30, ; $50 ,x y= =  

 Show that there is a zero-expected value “noise variable” ~ such that ~x + ~ has the same distribution 

as ~y .(HINT: Draw a picture before thinking about this.) 

5. Consider the lotteries: 

  
( )

( )

6 90 31
100 100 100 100

7 90 1 2
100 100 100 100

$45 , ; $30, ; $0 , ; $15 ,

$45 , ; $0 , ; $10, ; $15 ,

x

y

= + + −

= + − −
 

 How would an individual’s ranking of these lotteries depend upon their attitudes toward risk? 

6. For any lottery, ~x = (x1,p1;...;xn,pn), my evaluation function V(~x) is defined by: 

V(~x)  =  ½·[ max{x1,...,xn} + min{x1,...,xn} ] 

 Do I always prefer second order stochastically dominating distributions? 

7. Given the family of objective lotteries of the form ($x,p;$0,1–p), how would the slope and 

curvature of an expected utility maximizer’s indifference curves in the ($x,p) plane depend upon 

whether the individual was (globally) risk averse or (globally) risk loving? Give a completely 

verbal answer. 

8. If Arthur has von Neumann-Morgenstern utility function U(x) and Betty has von Neumann-

Morgenstern utility function aU(x) + bx, would Arthur’s certainty equivalent for a typical 

monetary lottery (x1,p1;...;xn,pn) differ from Betty’s?  If so, how?  If not, why not? 

9. My brother and I are both expected utility maximizers. My von Neumann-Morgenstern utility 

function is given by U(x)  
–
x, and my bother’s utility function is given by U*(x)  

–
x + x + , 
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where  and  are both positive constants. Can you say anything about how our attitudes toward 

risk compare with each other? 

10. You are facing an investment decision in the financial market. Either you put your money in stock 

trading, or you buy a government bond. With the stock market, the price of a stock has the 

probability p of going down by 10% in the next year, and probability (1–p) of going up 10%, while 

the bond has no risk involved and yields 3%. You only have $1,000. If your decision criterion is 

based solely on expected value, what is the p which make you be indifferent about how you 

allocated your funds? 

11. State the continuity axiom of expected utility theory. Does this axiom (in conjunction with the 

other expected utility axioms) imply that the individual’s von Neumann-Morgenstern utility of 

wealth function U() is continuous in wealth x? If so, give a demonstration. If not, give a 

counterexample. In either case, give your reasoning. 

12. Consider an expected utility maximizer with von Neumann-Morgenstern utility function U(x) = 

ln(x), who faces two states of nature s1, s2 with probability ½ each, whose initial endowment is 

$1,000 in state 1 and $0 in state 2. Say they can buy insurance which will pay them $x in state 2 

provided they pay a premium of $px, where they can choose the value of x. Using results from 

regular consumer theory, and using as little algebraic derivation as possible, show that the optimal 

amount of insurance x*(p) they purchase has the property that their state 1 consumption $1,000 – 

$px*(p) does not depend upon p. 

13. Given a fixed outcome set X =  {–x1 ,…, 
–x10} = {$1,…,$10}, we can represent each lottery over X 

in the form P = { p1,…, p10}. What is the most you can say about the risk preferences of the 

preference functional?  V(P)       
10 10 10

1 1 1
60i i jj i j

i p i p j p
= = =

 +        

14. For any lottery, ~x = (x1,p1;...;xn,pn), my evaluation function V(~x) is defined by: 

V(~x)  =  ½·[ max{x1,...,xn} + min{x1,...,xn} ] 

 Prove that my preferences over lotteries do not satisfy the independence axiom. (HINT: All you 

need to do is come up with one counterexample.) 

15. Give an example where an agent seems to be violating the expected utility principal, but which is 

fact only an apparent violation, due to a failure to properly incorporate ex ante actions. 

16. My Cousin and I are both expected utility maximizers. My von Neumann-Morgenstern utility of 

wealth function U() is strictly increasing and strictly concave. My cousin’s takes the form U*(x) 

 U(x) + x. What is the most you can say about how our risk preferences compare? 

17. Consider two opaque urns. Urn A has exactly 50 white balls and 50 black balls. Urn B has exactly 

100 balls, each one white or black, but in unknown proportions. A ball will be blindly drawn from 

each urn. Here are four bets based on these draws, and the consumer may be asked to select a 

exacly one, from among any subset of them 
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  50 balls 50 balls   100 balls 

 white black   white black 

ƒ1() $100       $0        ƒ3() $100       $0       

ƒ2() $0       $100        ƒ4() $0       $100       

Most people are indifferent between ƒ1() and ƒ2(); indifferent between ƒ3() and ƒ4(); and strictly 

preferƒ1() or ƒ2() to ƒ3() or ƒ4(). Use a single bets/events/payoffs table, with four mutually 

exclusive and exhaustive events, to represent such preferences. 

18. Say there is an event E that has a probability 1/2 of occurring. Define x1 as the amount of money 

the individual would receive if E occurs, and x2 as the amount they would receive if E doesn’t 

occur. Illustrate the indifference curves in the (x1,x2) plane of a risk averse individual who has 

initial wealth $500, and who has the following betting preferences:  

          
win $100 if  does occur win $200 if  does occur

no bet (i.e. stay at $500)
lose $50 if  doesn't occur lose $100 if  doesn't occur

E E

E E

   
   
   

 

where “win” and “lose” refer to changes from current wealth.  

19. Person A has von Neumann-Morgenstern utility function UA(x)  ln(x), and Person B has von 

Neumann-Morgenstern utility function UB(x)  –1  e(x/1000).  Which person is more risk averse at 

low (but positive) wealth levels? Which person is more risk averse at very high wealth levels? 

20. My von Neumann-Morgenstern utility of wealth U(x) is strictly increasing and strictly concave of 

all nonnegative wealth levels, and satisfies U(0) = 0, U($300) = .5 and lim ( ) 1
x

U x
→

= . How big a 

prize $Z is required for me to be willing to give up an initial wealth of $400 in exchange for the 

lottery ( $0 , ½ ; $Z , ½ )? 

21. My von Neumann-Morgenstern utility of wealth function is U(x) = – e
–3x. Can you given an 

formula for a utility function U*(x) that: (i) is everywhere more risk averse than I am, and (ii) has 

a lower marginal utility of wealth at x = 0 than I do? 

22. A risk averse, state-independent expected utility maximizing investor who likes money must 

decide how much of an initial wealth of $I to invest in a risky asset. (The rest of initial wealth will  

be invested in a safe asset. These are the only two forms of investment, and the investor cannot 

borrow.) There are two states of the world, with known probabilities p1 and p2, such that each 

dollar invested in the safe asset yields $(1+s) no matter what occurs, and each dollar invested in 

the risky asset $(1+r) if state 1 occurs and $1 if state 2 occurs. 

      (a) Suppose that 0 < s < r. Letting xi denote final wealth if state i occurs, graph the investor’s 

opportunity locus, for a fixed initial wealth I, in the (x1,x2) plane. Label your  graph clearly, 

to show how I, s and r determine this locus. 
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      (b) Draw the path in the (x1,x2) plane that shows how the state-contingent final wealth levels  

in the investor’s optimal portfolio vary with I, when 0 < s < r andwhen the  investor’s 

Arrow-Pratt measure of absolute risk aversion is constant (i.e.,  independent of wealth). 

      (c) Answer Part (b) again, but when relative risk aversion is constant. 

      (d) How would your answers to (b) and (c) change when 0 < r < s ? 

23. Give a specific numerical example of three lotteries of the form     

~x  =  (x1 , p1 ; x2 , p2 ; x3 , p3) 
~y  =  (y1 , q1 ; y2 , q2 ; y3 , q3) 
~z  =  (z1 , r1 ; z2 , r2 ; z3 , r3) 

such that the preference ordering ~x  ~y  ~z would violate the independence axiom. 

24. Given a fixed two-element outcome set X = { 
–x1 , 

–x2 } (with outcome x2 strictly preferred to x1), we 

can represent each lottery over X in the form P = {p1, p2}. Which of the following two preference 

functionals does, or does not, satisfy the independence axiom over such lotteries? 

2 1 2 1( ) 2 *( )p p p p=  + = −P PV V  

25. I face the maximization problem:            max ( , )
c

E U z c  

 where U(,) is my von Neumann-Morgenstern utility function, ~z is an exogenous random variable 

with density function ƒ(), and c is my control variable. The optimal value of c is denoted by c* = 

c*(ƒ()). Can you give an example of a utility function U(,) such that both: 

     a first order stochastically dominating shift in ƒ() will raise the value of  c*(ƒ())   

           
and  

  a mean preserving spread in ƒ() will not change the value of  c*(ƒ())  

 (HINT: What is the first order condition for the above problem?) 

26. Does the von Neumann-Morgenstern utility function U(x) = ln(x) + x exhibit increasing, 

decreasing, or constant relative risk aversion? 

27. My von Neumann-Morgenstern utility of wealth U(x) goes to zero as wealth x goes to zero. Would 

I ever give up a sure positive amount of money in exchange for a bet that gave me a positive chance 

of actually ending up with zero wealth? 

28. If I have decreasing absolute risk aversion, and my certainty equivalent for the lottery 
~x  =  (x1,p1;x2,p2;x3,p3) 

  is $17, what is the most you can say about my certainty equivalent of the lottery 
~y  =  ( x1 , p1 ; x2+$40 , p2 ; x3+$80 , p3 )  

29. Say my preferences over bets satisfy the hypothesis of probabilistic sophistication (i.e., my beliefs 

over events can be represented by standard subjective probabilities), and my risk preferences 

satisfy strict first order stochastic preference and strict risk aversion. If I am exactly indifferent 
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between each of the three acts a1, a2 and a3, what is the most you can say about my subjective 

probabilities of the events E1, E2, E3 and E4? 

   E1 E2 E3 E4 

  a1 $10 $10 $10 $20 

  a2 $10 $20 $20 $10 

  a3 $30 $10 $10 $20 

30. Consider the probability distributions ~x = ($0,½; $50,½} and ~y = ($50,1}. Note how ~y first order 

stochastically dominates ~x. What is the largest mean preserving increase in risk you can apply to 
~y, such that the resulting distribution ~z still strictly or weakly first order stochastically dominates 
~x ? (Recall a mean preserving increase in risk consists of one or more mean preserving spreads). 
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Theory of Production and Cost 

1. If a production function is Leontief, what are the scale properties of its output–constrained demand 

function for labor? 

2. If a firm’s production function F(L,K) has the property that it’s capital/labor ratio constitutes a 

“sufficient statistic” to determine its marginal rate of technical substitution – that is, if MRTS(L,K) 

 (K/L) for some function (), what can you infer about the properties of the function F(,)? 

3. Give a graphical illustration of how an occurrence of Harrod-neutral technical progress would 

affect the typical isoquant of a typical production function. Please be as clear as possible, and label 

all relevant items. 

4. Say that the production function F*(L,K) differs from F(L,K) by Hicks-neutral technical progress 

with  = 2. Can you think of an identity which links the new output-constrained factor demand 

functions L*(Q,w,r) and K*(Q,w,r) with the old ones L(Q,w,r) and K(Q,w,r)?  Do not assume that 

F(L,K) necessarily exhibits constant returns to scale. 

5. Graphically illustrate the isoquants for the production function  min ,( , ) L KF L K =  for three 

equally-spaced output levels Q1, Q2 and Q3  (i.e., Q3 – Q2 = Q2 – Q1 > 0). Be as complete as 

possible, including all relevant labeling.  

6. Discuss how scale properties (if any) of the firm’s short run average variable cost function (with 

respect to all of its arguments and/or with respect to some of its arguments) would be related to 

scale properties of the production function F(L,K). The more complete your answer, the higher 

your score.  

7. Compare the dimensions of the constants (call them a and b) in a linear production function with 

the dimensions of the constants (call them a and b) in a Leontief production function. 

8. A firm with a fixed amount of labor L̄  produces two commodities, apples and bananas, with 

distinct, increasing, strictly concave production functions Fa(La) and Fb(Lb) which depend upon 

the amounts of labor La and Lb allocated to each task. Given output prices pa and pb, it has the 

following maximization problem: 

max   paFa(La)  +  pbFb(Lb)              subject to   La + Lb  =  L̄    
                                        La,Lb 

 Derive the formula for this firm’s elasticity of production of apples with respect to the price of 

apples. 

9. Give a specific example of a production function F*(L,K) which differs from the production 

function 

( , )  3 ( +17) 2F L K L K  +  

 by an occurrence of Harrod neutral technical progress. 
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10. If the firm’s short run variable cost function is given by SVC(Q,w,r,K̄) =  w (Q –  K̄)2, what 

is its production function?  (Assume Q   K̄) 

11. If the firm’s short run variable cost function is given by SVC(Q,w,r,K̄) =  w (Q –  K̄)2, what 

is its production function? 

12. A perfectly competitive firm can produce output using one or both of the following techniques: 

               Technique A requires 2 units of labor and 4 units of capital per unit output 

               Technique B requires 4 units of labor and 2 units of capital per unit output 

Labor, capital and output are all infinitely divisible for each technique. Derive the formula for the 

firm’s short run total cost function. Include your verbal reasoning with your answer. 

13. We have seen how the amount of “curvature” in indifference curves affects the magnitude of the 

substitution effect in consumer theory. How does the amount of “curvature” in isoquants affect 

the properties of the short run and long run total cost functions? Be as complete as possible in your 

answer. 

14. When could the successive occurrence of Harrod-neutral technical progress and Solow-neutral 

technical progress in a strictly concave production function result in an occurrence of Hicks-neutral 

technical progress?  Be as general as possible, and use verbal reasoning only. (Assume there are 

only two factors: labor and capital.) 

15. Could a production function F(L,K) ever have the property that its long run total cost function was 

homogeneous degree 2 in the three variables (Q,w,r)? 

16. If a firm’s production function is strictly increasing and strictly quasiconcave, will STC(Q,w,r,K̄) 

be an increasing or decreasing function of K̄  (for fixed Q, w, r)?  

17. USE WORDS ONLY:  Consider a production function that only depends on labor and capital, so 

its labor requirement function only depends upon its desired level of output and its amount of 

capital.  How do each of the following rates relate to some standard economic concept?  

            The rate at which a small change in desired output affects the required amount of labor. 

            The rate at which a small change in the level of capital affects the required amount of labor. 

18. Consider a firm that can produce by either (or any combination) of the following techniques: 

 Technique 1 yields 8L + 4K units of output from each input bundle (L,K) 

 Technique 2 yields 4L + 8K units of output from each input bundle (L,K) 

 Derive this firm’s short run total cost function and also its long run total cost function. 

19. If a firm’s original production function is F(L,K), how would an occurrence of Hicks neutral 

technical progress affect its short run variable cost function? How would an occurrence of Solow 

neutral technical progress affect its short run variable cost function? In each case, be as precise as 

possible. 
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20. If a production function F(L,K) is Leontief, what can you say about the scale properties (e.g., 

constant returns? increasing returns?) of its total cost function C(Q,w,r). Give a complete rigorous 

verbal answer, and do not write down any algebraic equations. 

21. Give numerical values of P, w, and r, all strictly positive and finite, and for which a firm with 

production function F(L,K) = 2
–
L
–
 

–
K
–
   would want to shut down in the long run. Assume that 

output and both inputs are perfectly divisible. 

22. Let L*(Q,w,r) be the output-constrained demand for labor 

function of a firm with a strictly increasing, strictly quasi-

concave production function F(L,K). From this we can plot the 

firm’s output-constrained demand for labor curve, as in the 

figure. What properties of the production function correspond 

to this curve having: 

(a) a finite intercept on the w axis? 

(b) a finite intercept on the L axis? 

Assume that both Q̄ and –r are positive. 

23. Consider a production function F(L1,L2,K̄), where the two (distinct) factors L1 and L2 are both 

variable in the short run, but K̄  is fixed in the short run. If the firm’s short run output-constrained 

factor demand functions are L*
1(Q,w1,w2,r,K̄) and L*

2(Q,w1,w2,r,K̄), how does the elasticity of L*
1 

with respect to w1 compare with the elasticity of L*
1 with respect to w2 ?  (There’s no typo – the 

dependent variable really is L*
1 in both cases.) 

24. The production function F(L,K) has marginal rate of technical substitution given by the formula 

MRTS(L,K) = 3/(L+1). What is the most you can say about the function F(L,K)? If another 

production function F*(L,K) had the same formula for it’s marginal rate of technical substitution, 

what is the most you can say about how it relates to the function F(L,K)? 

25. Consider the labor requirement function L*(Q,K) derived from a given production function. What 

can you say about the level curves of this function? (HINT: If you feel need to take derivatives, 

keep thinking about the problem.) 

26. If STC(Q,w,r,K̄) is the firm’s short run total cost function and K*(Q,w,r) is the firm’s long run 

output-constrained demand for capital function, what can you say about the expressions 

2

*( , , ) *( , , )

( , , , ) ( , , , )
and

K K Q w r K K Q w r

STC Q w r K STC Q w r K

K K



= =

 

 
 

27. The production function A[ L + (1–)K] with 0 <  < 1 has a MRTS of 0 everywhere on the 

labor axis, and an MRTS of – everywhere on the capital axis. What are the specific implications 

of these particular features for properties of its short run variable and short run total cost functions?  

w 

L 

L*(Q̄,w,
–
r) 
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28. Give numerical values of P, w, and r, all strictly positive and finite, and for which a firm with 

production function F(L,K) = 2
4–
L
–
 

4––
K
–
   would want to shut down in the long run. Assume that 

output and both inputs are perfectly divisible.  

29. We have seen that the derivative (“differential rate of change”) of a firm’s long run total cost 

function is linked to its output-constrained factor demand functions by the equations 

LTC(Q,w,r)/w  L(Q,w,r) and LTC(Q,w,r)/r  K(Q,w,r). What is the most you can say about 

the relationship between the nondifferential rate of change [LTC(Q,w+w,r) – LTC(Q,w,r)]/w 

and L(Q,w,r)? 

30. Consider a strictly increasing, quasiconcave production function F(L,K), with long run total cost 

function LTC(Q,w,r).  Here’s a piece of information about the cost function: LTC(100,1,2)  500. 

What is the most you can infer about F(L,K) from this information? 

31. What do the each of the following two properties of the short run variable cost function imply 

about the firm’s production function? Consider each case (“Left” and “Right”) separately from the 

other, and in each case, give your reasoning. 

32. If a firm’s original production function is F(L,K), how would an occurrence of Hicks neutral 

technical progress affect its short run supply function? How would an occurrence of Solow neutral 

technical progress affect its short run supply function? In each case, be as precise as possible. 

 

 

33. Is the production set illustrated to the right an additive 

  production set? (Your answer should include a formal  

 description of the idea of additivity.)  

 

34. Say a firm with production function F(L,K) has been in a long run profit maximizing situation. If 

a sudden, permanent rise in the wage rate causes the firm’s long run profit maximizing level of 

output to decrease, illustrate what would happen to this firm’s long run level of labor usage. 

Assume that the output price and rental rate on capital don’t change. 

 

SVC 

 

SVC 

y2 

4 

3 

2 

1 
y1 

Y 
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35. If a firm has a strictly increasing but strictly quasi-convex production function F(L,K), what 

property would this imply about it’s labor requirement function L*(Q, K)? 

36. Consider a firm that can produce by either (or any combination) of the following techniques: 

 Technique 1 requires 3 units of L and 6 units of K for each unit of output 

 Technique 2 requires 6 units of L and 3 units of K for each unit of output 

 Derive this firm’s long run total cost function. 

37. Give an explicit formula for a production function F(L,K) whose long run total cost function is 

LTC(Q,w,r) = Q2min[3w,6r]. 

38. Show how, if production functions are increasing but not necessarily strictly convex, then two 

different production functions F(L,K) and F*(L,K) could have the same long run total cost function 

LTC(Q,w,r), but have different short run total cost functions SVC(Q,w,r,K) and 

SVC*(Q,w,r,K).How would an occurrence of Solow-neutral technical progress affect a firm’s short 

run total cost function? Be as explicit at possible. 

39. A firm’s production function takes the form F(L,K)  
–
L + min(K,1+(K/2)). What does the “kink” 

in this function imply about the firm’s long run total cost function, and its long run output-

constrained factor demand functions? Be as complete as possible. 

40. If a firm’s production function F(L,K) is differentiable and exhibits decreasing marginal product 

of labor and decreasing marginal product of capital, what is the most you can say about the 

relationship between the family of level curves of the function MPL(L,K), and the family of level 

curves of the function MPK(L,K)?  

41. Let Q(w,r,E) be the formula for the most output a firm with production function F(L,K) could 

attain if it had expenditure E and had to pay factor prices (w,r) for inputs.  What is the most you 

could say about the mathematical properties of this function?  Use verbal reasoning only. 

42. Consider a firm’s (long run) isocost curves in the (w,r) plane, for a fixed output level. What (if 

anything) does knowledge of the coordinate values and slope at a given point on a given curve 

imply about how the firm is allocating its expenditure over labor and capital at that point? Give 

your reasoning. 

43. We have seen that the derivative (“differential rate of change”) of a firm’s long run total cost 

function is linked to its output-constrained factor demand functions by the equations 

LTC(Q,w,r)/w  L(Q,w,r) and LTC(Q,w,r)/r  K(Q,w,r). What is the most you can say about 

the relationship between the nondifferential rate of change [LTC(Q,w+w,r) – LTC(Q,w,r)]/w 

and L(Q,w,r)? 

44. Analytically derive the slope of a production function F(L,K)’s long run expansion path in the 

(L,K) plane. Along with your algebra, give your verbal reasoning. 
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45. Consider a production function of the form F(L,K) = min[L,(K)] for some strictly increasing, 

strictly concave function (). For fixed output level Q̄, we can plot the firm’s family of isocost 

curves in the (w,r) plane. How would the family of isocost curves depend upon the level of Q̄? 

46. A firm with production function F(L,K) has output-constrained factor demand functions: 

 if   if  
*( , , ) *( , , )

2  if  0  if  

Q w r Q w r
L Q w r K Q w r

Q w r w r

  
= = 

  
 

 What does a typical isoquant for this firm look like? Assume that F(,) is at least weakly 

quasiconcave 

47. Graphically illustrate the isoquants for the production function  min ,( , ) L KF L K =  for three 

equally-spaced positive output levels Q1, Q2 and Q3  (i.e., Q3 – Q2 = Q2 – Q1 > 0). Be as complete 

as possible, including all relevant labeling. 

48. If a production function depends upon the factors labor and capital, how does an occurrence of 

Harrod-neutral technical progress affect the marginal product of labor function? Be as specific as 

possible. 

49. If a production function is Leontief, what are the scale properties of its output-constrained demand 

function for labor? 

50. Is it possible to derive the formula LTC(Q,w,r) for a firm’s long run total cost function from a 

knowledge of its short run variable cost function SVC(Q,w,r,K)? If so, show how (and give your 

reasoning).  If not, explain why not.  (Assume that the firm’s production function is increasing and 

strictly convex). 

51. Say the level curves of a long run total cost function C(Q,w,r) in the 

(w,r) plane are strictly curved, hit the r axis with a vertical slope, and 

hit the w axis with a strictly positive slope. What is the most you can 

say about the firm’s technology? Be as formal as possible, and give 

your reasoning. 

52. Derive the exact formula for the elasticity of substitution for a Cobb-Douglas production function. 

53. Give a graphical illustration of how an occurrence of Hicks-neutral technical progress would affect 

the typical isoquant of a typical production function. Please be as clear as possible, and label all 

relevant items. 

54. Consider the ratio of a weakly convex technology’s output elasticity with respect to capital over 

its output elasticity with respect to labor at a given input bundle (L,K).  Is it possible that this ratio 

could be a strictly increasing function of its capital over labor ratio?  If so, give an explicit formula 

of a production function which satisfies this.  If no, prove why it’s impossible. 

w 

r 
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55. Under what conditions would the value of APK(L,K) be increasing as the firm moves down 

(southeast) along a given isoquant in the (L,K) plane? 

56. Derive the short run total cost function STC(Q,w,r, K̄) for the production function 

F(L,K)   =   min [ (L/2) , (K/4) ] 

57. If a firm’s production function F(L,K) is homothetic (but not necessarily homogeneous of any 

degree), what specific properties will this imply about its labor requirement function L*(Q,K)?  

58. Can you think of an identity involving both a firm’s output-constrained factor demand functions 

and its production function?  

59. The production function F(L,K) is continuous and strictly increasing with strictly diminishing 

MRTS. What property of its MRTS(L,K) formula will guarantee that the firm’s long run level of 

capital will be strictly positive for any (positive, finite) desired level of output, any (positive, finite) 

wage rate, and any (positive, finite) rental rate on capital?  

60. Let F(L,K) be a strictly increasing, differentiable production function that satisfies the Hypothesis 

of Strictly Diminishing Marginal Rate of Substitution, with output-constrained factor demand 

functions L(Q,w,r) and K(Q,w,r). What can you say about the following ratio of partial derivatives: 

( , , ) ( , , )K Q w r L Q w r

w w

 

 
 

Give a complete rigorous verbal and/or graphical answer, and do not write down any algebraic 

equations or calculate any derivatives or elasticities. (There’s no typo: it’s supposed to be w in 

each denominator.)  

61. Could a production function have a long run expansion path 

which has, in part, a flat horizontal segment in the (L,K) 

plane? If so, what would this imply about the relationship 

between STC and LTC?? Be as specific as possible. 

62. Let F(L,K) be a strictly increasing, differentiable production function that satisfies the Hypothesis 

of (Strictly) Diminishing Marginal Rate of Substitution, with output-constrained factor demand 

functions L(Q,w,r) and K(Q,w,r). Holding Q constant, how would w and r have to change and/or 

tradeoff against each other to keep the value of L(Q,w,r) constant? Give a complete rigorous verbal 

answer, and do not write down any algebraic equations or derive any derivatives or elasticities. 

63. Given a production function F(L,K) where both factors always have strictly positive marginal 

product, what is the most you can say about how the elasticity (not slope) of the total product of 

labor curve at a certain point, and the elasticity of the total product of capital curve at the 

corresponding point, will relate to each other? (Two points correspond if they have the same labor 

K  

L 
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and capital values as each other.) Give a complete rigorous verbal and/or graphical answer, and 

do not write down any algebraic equations or derive any derivatives or elasticities. 

64. USE WORDS ONLY:  Say a production function which only depends on labor and capital, and 

which exhibits strictly diminishing marginal rate of technical substitution, undergoes Harrod-

neutral technical progress.  Specifically: after the change, you would always be able to produce 

the original output with the original capital but only half the labor.  How would this affect the 

firm’s output-constrained demand function for capital?  

Profit Maximization and Supply 

1. Consider a firm which must choose it’s short run input levels L and K with prior knowledge of 

output price P and the rental rate r, but before learning the value of the random wage rate ~w it will 

have to pay its labor, and seeks to maximize expected profits.  How would a mean-preserving 

spread in the distibution of ~w affect the firm’s optimal level of expected profits?  Give your 

reasoning. 

2. Derive an exact necessary and sufficient condition on prices and/or technology which would imply 

that a firm with a positive short run capital level K̄  would want to increase this level in the long 

run. (Assume that prices & technology do not change between the short and long run, and that 

labor can also be varied in the long run). 

3. What is the verbal economic interpretation of the following expression: 

P,w,r + LTC F (L*(Q*(P,w,r),w,r) ,  K*(Q*(P,w,r),w,r) ) ,w ,r  P 

4. What is the verbal economic interpretation of the total derivative of the following expression with 

respect to P (holding w and r fixed) 

 P,w,r + LTC F ( L*(Q*(P,w,r),w,r) ,  K*(Q*(P,w,r),w,r) ) ,w ,r   P 

5. If a firm’s original production function is F(L,K), how would an occurrence of Hicks neutral 

technical progress affect its short run supply function? How would an occurrence of Harrod neutral 

technical progress affect its short run supply function? In each case, be as precise and complete as 

possible and give your reasoning. 

6. A firm has a strictly increasing production function. When w = $75/person-hour, r = $25/machine-

hour, and P = $2/physical unit, the firm’s profits are $1,000/week. Will its profits be higher, lower, 

or equal to $1,000/week when w = $50/person-hour, r = $50/machine-hour, and P = $2/physical 

unit?  

7. If a perfectly competitive firm’s original production function is F(L,K), how would an occurrence 

of Harrod-neutral technical progress affect its long run supply function? How would it affect its 

short run supply function? In each case, be as precise as possible. 
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8. Say you knew the exact, complete formula for a perfectly competitive firm’s short run profit 

function S
*
R(P,w,r,K) in terms of all four variables. Is this enough information to derive the exact 

formula for the elasticity of its long run supply with respect to the wage rate? Would it enough 

information to derive the exact formula for the elasticity of its long run supply with respect to the 

rental rate? In each case, either give your derivation or show why it cannot be done. 

9. If a firm has a standard  - shaped short run average total cost curve, which attains its minimum 

value at output level Q0, could it ever want to produce at an output level that was still positive, but 

was lower than Q0? If so, illustrate such an example. If not, explain in detail why not. 

10. Give numerical values of P and w, both strictly positive and finite, and for which a firm with 

production function F(L) = 
–
L
–
 +
–
 
–
1 – 1 would want to shut down. Assume that output and labor input 

are perfectly divisible. What is the most you can say about the firm’s level of profits in the short 

run? 

11. Consider a perfectly competitive market with private demand function D(p, I) and private supply 

function S(p,w) (p = price, I = consumers’ total income, w = some input price). Say the government 

now enters the market with a perfectly inelastic demand for G units of the commodity. Derive the 

comparative statics derivative of equilibrium price with respect to G, evaluated at the initial point 

G = 0. Also give a verbal economic interpretation of your formula. 

12. A firm has a production function F(L) which just uses labor. If the price of the firm’s product is 

fixed at P and the firm’s demand for labor function is L(w,P) = [b – (w/P)]/(2c) (where b and c are 

positive constants), what does the production function look like?  

13. What is the most you can say about the profit function of a firm with the production function 

F(L,K,E) = [min[L,K] + E/3]1/2
 ?  (E is some third factor of production).Holding all factor price 

constant, how would successive equal increases P in output price affect a firm’s profits?  

14. How does the following expression simplify? 

 (P,w,r)Q*(P,w,r) + LATC F ( L*(Q*(P,w,r),w,r) ,  K*(Q*(P,w,r),w,r) ) ,w ,r   P 

15. A firm with a fixed amount of labor L produces apples and bananas with production functions 

Fa(La) and Fb(Lb) which depend upon the amounts of labor La and Lb = L – La allocated to each 

task. Given output prices pa and pb, it has the maximization problem:  

max  pa·Fa(La) + pb·Fb(L–La) 
                                                           La                                  
 Prove that a rise in pa leads to an increase in the amount of apples supplied. (Assume that both 

Fa(·) and Fb(·) have diminishing marginal products.)    

16. Consider a perfectly competitive firm with production function Q = F(L). How does the wage 

elasticity of its demand for labor (i.e., EL*,w) relate to its elasticity of marginal product respect to 

labor (i.e., EMPL(L),L)? 
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17. Consider a firm with production function F(L,K,time), where the firm experiences continuous 

technical progress over time.  USING WORDS ONLY, describe what the envelope theorem would 

say about how differential increases in time would affect the firm’s profits.  Give your reasoning. 

18. Consider an economy with two commodities, wheat W and labor L. Wheat may be produced from 

labor using either or both of the following two processes: 

Process 1:      W    G(L)  g ·L 

   Process 2:      W    H(L)    ·L½ 

(a) Derive the overall production function F(L) for wheat (that is, derive F(L) which gives 

the maximum amount of wheat that can be obtained from L units of labor). 

(b) Consider a firm which is a price taker in all markets and has access to both of these 

production processes. Derive this firm’s demand for labor function. 

(c) Derive the above firm’s supply of wheat function. 

(d) Derive the above firm’s profit function. 

19. If a perfectly competitive firm with production function F(L,K) is currently maximizing long run 

profits by using positive amounts of labor and capital, could a rise in the rental rate r ever strictly 

increase its long run profit maximizing capital/labor ratio K*/L* = K*(P,w,r)/L*(P,w,r)? 

20. A firm has a strictly increasing, strictly quasiconcave production function. When w = $46/person-

hour, r = $54/machine-hour, and P = $2/physical unit, the firm’s profits are $1,000/week. Will its 

profits be higher, lower, or equal to $1,000/week when w = $50/person-hour, r = $50/machine-

hour, and P = $2/physical unit?  

21. At current output and factor prices and given its current level of capital, a firm’s short–run profit 

maximizing level of output is Q* = 20, at which point it is losing money. If: 

SMC(Q*,w,r, K̄)  = 15,      SAVC(Q*,w,r, K̄)  = 8,       and      SAFC(Q*,w,r, K̄)  = 9 

22. Derive the long run profit function of a perfectly competitive (i.e., price-taking) firm whose 

production function is F(L,K) = 
–
L + 5

–
K. 

23. How does a perfectly competitive firm’s price elasticity of supply (i.e., EQ*,P) relate to its elasticity 

of marginal cost with respect to output (i.e., EMC(Q),Q)? Be as specific as possible. 

24. What is the most you can say about the supply function of a firm with the production function 

F(L,K,E) = [min[L,K] + E/3]1/2
 ?  (E is some third factor of production). 

25. Consider a firm with production function F(L,K,time), where the firm experiences continuous 

technical progress over time.  USING WORDS ONLY, describe what the envelpe theorem would 

say about how differential increases in time would affect the firm’s profits.Assume that the firm’s 

long run total cost function is given by LTC(Q,w,r) = Q2w1/2r1/2, and that it takes its output price 

P as given. Derive (P,w,r)/P where (P,w,r) is the firm’s profit function. 
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26. A perfectly competitive firm can produce output using one or more of the following techniques: 

                Technique A requires 6 units of labor and 9 units of capital per unit output 

               Technique B requires 10 units of labor and 1 unit of capital per unit output 

                      Technique C requires 8 units of labor and 6 units of capital per unit output 

Labor, capital and output are all infinitely divisible for each technique.  

      (a) Derive the formula for this firm’s long run total cost function 

      (b) Derive the formula for this firm’s short run total cost function 

      (c) Derive the formula for this firm’s long run profit function 

      (d) Derive the formula for this firm’s total product of labor curve 

      (e) Derive the formula for this firm’s output-constrained factor demand functions 

In each case, also include your verbal reasoning. (HINT: You might want to do these derivations 

in some other order than the one in which they are presented.) 

27. A firm uses labor and capital to produce output, and faces the following situation: 

   Situation A:     P  =  $3     w  =  $4     r  =  $5 

In Situation A, its profit maximizing quantities are (Q*,L*,K*) = (100,10,20) so its profit level is 

$160.  What is the most you can say about its profit levels in each of the following situations?  

   Situation B:     P  =  $3     w  =  $6     r  =  $4 

   Situation C:     P  =  $3     w  =  $3     r  =  $5 

28. If a firm faces output and input prices (P0,w0,r0) and is currently in a long run profit maximizing 

position at these prices, prove that its short run wage elasticity of demand for labor necessarily 

larger than its long run wage elasticity of demand for labor? (Elasticities of its profit maximizing 

demands for labor, not its output-constrained demands for labor.) 

29. If a firm faces output and input prices (P0,w0,r0) and is currently in a long run profit maximizing 

position at these prices, prove that its long run supply responsiveness to differential change in P 

from P0 is at least as great as its short run supply responsiveness. Short rigorous proofs will receive 

more credit than long rigorous proofs. (HINT: What is a natural inequality linking the long run 

and short run profit function?) 
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Demand and Supply of Factors of Production 

1. Let V(w,I0) be the indirect utility function of an individual with a nonwage income of I0 and facing 

a wage rate of w (w applies no matter how much the individual works – there is no separate rate 

for overtime). Give a verbal and graphical (not algebraic) demonstration that V(w,I0) is 

quasiconvex in (w,I0). 

2. Consider a consumer who consumes apples and bananas in each of two periods; in each period 

faces a wage rate and may have nonwage income (all of which are known in advance, but none of 

which have to be the same across periods), and can also borrow/save at a market interest rate. 

Preferences are quasiconcave in all the appropriate variables, and all prices are exogenous. State 

and give the economic explanation of each term in the Slutsky equation for the consumers’ demand 

for apples in period one with respect to the wage rate in period two. Keep in mind that a change 

in w2 will affect more than just the consumer’s consumption of apples in period one, so make sure 

that you don’t miss any economic effect. 

3. A perfectly competitive firm produces output Q (at fixed price P̄) from labor L (with wage rate w) 

according to a production function F(L). The function F() satisfies F(0) = 0, is strictly increasing, 

differentiable, strictly concave, and bounded above. Consider the firm’s demand for labor curve 

(i.e., where we plot L against w, holding P̄  fixed). Without eliminating any of the above properties, 

what additional conditions on F() would imply that the demand for labor curve:       

           (a)  Has a finite intercept on the w axis? 

                   (b)  Has a finite intercept on the L axis? 

4. Could a rise in the interest rate ever change an individual from a borrower to a saver, yet leave 

them worse off than before? If so, illustrate such a case (including verbal explanation). If not 

demonstrate why not. 

5. What is the most you can say about the output-constrained factor demand functions for a firm with 

the production function F(L,K,E) = [min[L,K] + E/3]1/2
 ? 

6. A perfectly competitive firm uses only two inputs, labor L and capital K, to produce output using 

a smooth constant returns to scale production function F(L,K) that exhibits diminishing marginal 

product of labor and of capital. It hires labor at rate w, hires capital at rate r, and sells its output Q 

at price P. It reports that its long run demand functions for labor and capital are given by the 

functions: 

L(P,w,r)    P/(w+2r)    and    K(P,w,r)    P/(2w+r) 

Prove that there must be something wrong with this information.  

7. Consider a consumer with a strictly increasing, strictly quasiconcave, differentiable utility function 

over leisure time and disposable income, with positive nonwage income, who faces a standard 

wage rate w for the first 40 hours/week of labor and an overtime wage rate of w* > w, and who is 

currently choosing to work some overtime hours. Illustrate the income and substitution effects of 

a small rise in the value of w (with w* held fixed).  
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8. Can you think of an identity which links the output-constrained demand function for labor, the 

output-constrained demand function for capital, and the production function?  Make sure to state 

all of the variables in this identity.  

9. An individual has a two-period intertemporal income stream (I1,I2) (both positive), and can save 

or borrow at interest rate r, to achieve optimal first and second period consumption levels c*
1(I1,I2,r) 

and c*
2(I1,I2,r). If we know nothing about preferences except that both c1 and c2 are economic goods 

and neither is inferior, what can you say about the effect of a rise in r upon c*
2(I1,I2,r) (optimal 

second period consumption)? On what will the sign and magnitude of this effect depend? Is it 

determinate or ambiguous? Present a graphical analysis with reasoning). 

10. Let L*(Q,w,r) be the output-constrained demand for labor 

function of a firm with a strictly increasing, strictly quasi-

concave production function F(L,K). From this we can plot 

the firm’s output-constrained demand for labor curve, as in 

the figure. What properties of the production function 

correspond to this curve having: 

(a) a finite intercept on the w axis? 

(b) a finite intercept on the L axis? 

Assume that both Q̄ and –r are positive. 

11. Let V(I1,I2,i) be the indirect utility function of an individual with an income stream (I1,I2) and 

facing an interest rate of i (and with zero initial wealth). Show that V(I1,I2,i) is quasiconcave in 

(I1,I2), for fixed i.  

12. Recall how the Slutsky Equation decomposes the effect of a commodity’s price change into 

income and substitution effects.  What would be the closest analogous decomposition for the (long 

run) effect a change in the wage rate, for a profit-maximizing firm?  Assume the firm’s production 

function exhibits decreasing returns to scale. 

 

 

w 

L 

L*(Q̄,w,
–
r) 



Econ 200A Fall 2020 Practice Questions 33 Mark Machina 

Theory of Markets 

1. A profit maximizing monopolist’s marginal cost for producing widgets is constant at $4/widget, 

and it is not able to undertake any form of price discrimination in its market. 

        (a) Give the explicit formula for a market demand function Qd = ƒ(P) which would 

  lead the monopolist to charge exactly $5/widget. 

        (b) Give the explicit formula for a market demand function Qd = g(P) which would 

  lead the monopolist to sell exactly 100 widgets. (Again, no price discrimination is 

  allowed.). 

2. Consider a two person, two good, pure exchange economy. Assume that both agents have positive 

endowments of each commodity, and that their preferences are strictly increasing and continuous. 

Assume that the preferences of agent 1 are convex, but the preferences of agent 2 are not convex. 

Which of the following propositions will be true under these conditions? Supply proofs or 

counterexamples. 

(a) A competitive equilibrium is Pareto efficient. 

(b) If an allocation is Pareto efficient, then there exist prices such that the allocation is 

a competitive equilibrium relative to these prices. 

(c) Pareto-efficient allocations exits. 

(d) Competitive equilibria exist. 

3. Consider an economy with two commodities x1 and x2, and with two consumers A and B, who 

possess the following utility functions and endowments: 

UA(x1,x2)    x1
x2

1–              (0 <  < 1)         wa = (0,1) 

UB(x1,x2)    x1
x2

1–              (0 <  < 1)         wb  = (1,0) 

Derive the excess market demand function for this economy. On the assumption that there is no 

production in this economy, derive the equilibrium prices and consumption levels in this economy. 

4. The market supply and demand functions for gasoline G and window cleaning fluid C are: 

SG  =  ƒ(PG)        DG = g(PG)        SC  =  h(PC)        DC = k(PC), 

and equilibrium prices are PG* and PC* (both measured in dollars per gallon). All consumers and 

firms are price takers, but assume that no new firms can enter. 

Say a technological breakthrough occurs, by which gasoline firms can add a costless step to their 

production process, and convert some or all of their gasoline output into an equal number of gallons 

of window cleaner. This can only be done by gasoline producers (not window cleaner producers 

or consumers), and window cleaning fluid can not be converted (or converted back) to gasoline. 

All gasoline firms have access to this breakthrough. Describe how this will affect: 

 (a) The market supply functions for gasoline and for window cleaner? (That is, what are   

  the new formulas for the amounts SG and SC?) 

 (b) Equilibrium prices (how do the new values PG** and PC** compare with PG* and PC*)? 
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5. The City of Santa Nomica has a large and perfectly competitive rental housing market, with a fixed 

supply of private rental housing units (no public housing). The City Council has decided that, since 

home owners can deduct mortgage interest from their Federal Income Taxes, renters should be 

able to deduct rental payments from their City Income Taxes (the City Income Tax is a flat 10% 

rate which applies to everybody). Discuss both the distributive and allocative implications of 

passing such a law. Assume that all rental units in the city are homogeneous and that the population 

of renters does not change as a result of the law. 

6. Assume that the government is considering granting permission to operate some natural monopoly 

with total cost  TC = 500 + 20Q  and a demand curve of  Q = 100 – P. 

         (a) If a private firm had the rights to operate this monopoly, what price would it 

  charge? 

         (b) Consider the following regulatory scheme: The private firm operating the 

  monopoly is allowed to select its own price, and the government will subsidize it 

  by an amount equal to the consumer surplus at the selected price. Under this 

  scheme, what price will the firm select, and what will be the value of the subsidy? 

         (c)  If private firms were allowed to bid for the right to be the single firm operating the 

  monopoly under the scheme in (b), what would be the value of the winning bid? 

         (d)  Say that the private firm “TA&A” has been operating the monopoly, without any 

  subsidy, taxes or regulation. Now, the government decides to take bids for the 

  right to be the second firm in the market, alongside of TA&A (again, with no 

  subsidy, taxes or regulation). TA&A is also allowed to bid, and if its bid is the 

  highest, it will be allowed to remain the only firm in the market. Who will win the 

  bidding (TA&A or another firm?), and what will be the value of the winning bid? 

7. Consider a pure exchange economy with two goods. There are N+M agents, each with identical 

preferences represented by the utility function U(x,y) = min[x,y]. The first N agents each have the 

endowment (1,0); the remaining M agents each have the endowment (0,1). 

(a)  Find the competitive equilibria for the economy when N = M. 

(b)  Find the competitive equilibria for the economy when N  M. 

(c)  What do your results imply about the following statement: 

             “The ability of an individual agent to influence market equilibrium prices shrinks to 

          zero as that agent’s proportion of the aggregate endowment shrinks to zero” 

8. The demand function for mineral water is Qd = 100 – P. There are two suppliers of mineral water: 

Firm A and Firm B. Firm A is located near a natural spring, and so it can produce mineral water 

costlessly. Firm B must pump it out of the ground, so it incurs a cost of $20 per unit of mineral 

water (there are no production externalities between the two firms). Derive the Cournot (= Nash 

in quantities) equilibrium prices and quantities for the firms. 
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9. Firms A and B are Cournot duopolists, who face a linear market demand curve with slope –1 and 

price and quantity intercepts of 120. Firm A has no fixed costs and its marginal cost is constant at 

10. Firm B has no fixed costs, and its marginal cost is constant at c, which is either 0 or 20. Firm 

A does not know the actual value of c, but believes there is a 50:50 chance it is 0 or 20. Firm B 

does know its value of c. All of the above is common knowledge, and firms must choose their 

output simultaneously. 

The two firms are in an equilibrium of the following form: Firm A produces x units of output (a 

fixed amount, not a random variable), and Firm B produces 45 units of output if c = 0, and produces 

z units of output (also fixed) if c = 20. 

What are the values of  x  and  z ?  (HINT: What makes Firm B decide to produce 45 if c = 0 ?) 

Games and Information 

1. In a game, one strategy is said to strictly dominate another strategy if for each choice of the other 

player(s), it yields a payoff which is strictly greater. A strategy is said to weakly dominate another 

strategy if for each choice of the other player(s), it yields a payoff which is at least as great, and 

for some choice of the other player(s) it yields a strictly greater payoff. Consider the following 

game: 

   Player 2  

  L C R 

 U (6,9) (5,3) (2,1) 

Player 1 M (5,8) (5,8) (0,3) 

 D (4,1) (3,4) (5,2) 

         (a) Show that M is a weakly dominated strategy for player 1. Show that the pair of 

  strategies (M,C) is a pure strategy Nash equilibrium for this game. 

         (b) Find the strictly dominated strategies (if any) for each player in this game. 

         (c) What set of strategies remains after iteratively eliminating strictly dominated 

  strategies in this game? After iteratively eliminating weakly dominated strategies? 

2. Persons A and B each have $18, and face the following situation: If A pays B $1, the game ends. 

Otherwise they play “matching pennies.” That is to say, each chooses strategy H or T. If both 

choose the same strategy then A receives all the money, while if they choose different strategies 

then B receives it all. 

         (a) Assume that A and B are both risk neutral. Write the game matrix that describes 

  their situation, and find all of the Nash equilibria of this game. 

         (b) Now assume that B is still risk neutral, but A’s von Neumann-Morgenstern utility 

  function is U(x) = 1 + x1
1/2. Write the game matrix that describes their situation,  

  and find all of the Nash equilibria of this game. 
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4. Persons A and B are in an auction for a unique item (a particular white Bronco), where they must 

make simultaneous sealed bids. Persons A and B each know their own valuation for the item (vA 

and vB, both positive) but don’t know the other person’s valuation. If their bids are bA and bB, then 

the highest bidder wins the item, but only pays the second highest bid. (For example, if bA > bB, 

person A wins the item, pays bB for it, and thus receives a payoff of vA – bB, and person B’s payoff 

is 0). If we assume the probability that both bids are exactly equal is so small it can be ignored, 

show that bidding one’s own true value is a dominant strategy (i.e., it yields an expected payoff at 

least as large as any other strategy, no matter what strategy the other person uses). 

5. People planning their careers have two choices: stop after completing high school or continue on 

to college. People are of two types: type A (“nerds”) and type B (“dudes”), and it is common 

knowledge that 10% of people are type A and 90% are type B. Although firms can observe people’s 

level of education, they cannot observe whether they are type A or type B until after they are 

(permanently) hired. Firms hire workers into one of two types of jobs: high-tech (high wage) jobs 

or low-tech (low wage) jobs. 

In utility terms, the payoffs to type A people are: 

 High School College 

High Tech 7 5 

Low Tech 4 2 

and the payoffs to type B people are: 

 High School College 

High Tech 7 3 

Low Tech 4 0 

(For example, a type B person who goes to college and has a low-tech job has a utility level of 0.)  

Note that type A people find it easier to go to college than type B people. 

The ex post profitability to the firm of the different types of workers in the different jobs is: 

 Type A Type B 

High Tech 5 2 

Low Tech 4 3 

Note that education has no effect upon a given person’s productivity. 

        (a) Suppose the firm follows the policy of placing college graduates into high-tech 

  jobs and placing those who stop after high school into low-tech jobs. What are the 

   optimal educational strategies for type A people and for type B people? 

        (b) Suppose that people follow the strategies that you have derived for them in Part 

  (a) above. What is the firm’s best hiring strategy?   

        (c) Your answers to Parts a and b describe a Nash equilibrium for this model. Find 

  another one and formally prove that it is Nash equilibrium. 
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3. Two expected utility maximizers, Mr. Row and Ms. Column, are playing a game with the 

following payoff matrix, with payoffs expressed in utils rather than dollars: 

(r11,c11) (r12,c12) (r13,c13) (r14,c14) 

(r21,c21) (r22,c22) (r23,c23) (r24,c24) 

(r31,c31) (r32,c32) (r33,c33) (r34,c34) 

(r41,c41) (r42,c42) (r43,c43) (r44,c44) 

Say that the mixed strategy probability vectors (p1,p2,p3) (for Mr. Row) and (q1,q2,q3,q4) (for Ms. 

Column) constitute a Nash equilibrium for the above game. Now consider the game: 

(r*
11,c*

11) (r*
12,c*

12) (r*
13,c*

13) (r*
14,c*

14) 

(r*
21,c*

21) (r*
22,c*

22) (r*
23,c*

23) (r*
24c*

24) 

(r*
31,c*

31) (r*
32,c*

32) (r*
33,c*

33) (r*
34,c*

34) 

(r*
41,c*

41) (r*
42,c*

42) (r*
43,c*

43) (r*
44,c*

44) 

where  r*
ij = rij+3  and c*

ij = 4·cij (again, amounts are in utils). Give a formal proof that (p1,p2,p3) and 

(q1,q2,q3,q4) are a Nash equilibrium for this new game as well. 

Theory of Social Choice 

1. Consider a society of n individuals and m alternative allocations to choose from. The rule for 

choosing among allocations is the following: 

“Each individual ranks the alternatives from 1 to m in decreasing order of preference. The 

ranks are then summed over individual’s and the allocation with the smallest sum is chosen.” 

Which conditions of the Arrow Impossibility Theorem are and are not satisfied by this rule? 

 

 


