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1. INTRODUCTION

Many economic dynamic systems involving learning can exhibit feedback because current learning
will Granger-cause current and future realizations of state variables, affecting the evolution of the
dynamic system. A popular method that allows econometricians to handle such feedbacks is the Kalman
filter technique, which turns out to be a special case of parametric stochastic approximation (SA) pro-
cedures with feedback. These are recursive methods that can generally be used to locate the roots of an
"unknown" mapping M, or the extreme points of an "unknown" objective function, where the unknowns
may be observable up to some error. A typical SA algorithm is the following Robbins-Monro (1951) pro-

cedure: choose vectors éo , é o independently, and update according to

Bne1= 0+ 8 Mo n0n) =00 + a0 [MO )+ Un€ )], s = Ra(E™ 0™, Zpur)
where U, is the error, { Z,} is an exogeneous random noise sequence observable or not,
%” = (Zjo, e ,én ), and g+l = (éo, ce, énﬂ ) . In the economic learning context, étﬂ represents
"knowledge' at time n+l1, while Zjnﬂ may represent “"action" at time n+l. When for each
n=0,12,.., R(&", -, z.+1) isaconstant function for each " and z,,,, then we call the ago-
rithm a SA procedure without feedback. Otherwise we have a SA procedure with feedback. Note that a
special case of feedback can be rewritten as a procedure without feedback, i.e., when &n = fn(én v Zn)
foral n>0, where f, isaknown function and Z, is observable. One can aways rewrite a SA pro-
cedure without feedback as 041 =6, + a, [M©@,) + Fn(W0,) ], where { W, } is an observable
exogeneous stochastic process. Within the class of SA procedures without feedback, if F, isonly a
function of W, , we have so-called "6 — independent errors'; otherwise, we have " 6 — dependent

errors'.

A parametric SA procedure is easy to compute and has a nice interpretation as a deterministic
dynamic system with error. This error term has a long-run effect which, on average, is negligible. In par-
ticular, the procedure allows feedback within the dynamic system, permits non-linearity of the mapping
M, and allows non-stati onarity and seria correlation of the innovation process{ Z,}. Some parametric
SA procedures have been used in econometrics as tools for parametric recursive GMM - estimation, esti-

mation with dynamic latent variables, and forecasting. Recently some economists in microeconomics
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and macroeconomics have applied parametric SA procedures with feedback to such problems as model-
ing adaptive learning with possibly "bounded rationality”, selecting a Nash equilibrium without impos-
ing complete "common knowledge", solving stochastic dynamic programming problems or systems of

nonlinear stochastic equations, and for disequilibrium dynamic analysis.

Nevertheless, economics is a domain in which economic agents consciously or unconsciously
interact with a random environment evolving over time in a complicated way. Parametric models in
economics can capture only relatively simple (e.g., linear) relationships and thus may be a bad approxi-
mation to the true economic relationships. Policy analysis based on poor parametric models might lead
to very mideading conclusions, and theoretical results might be very sensitive to the specific parametric
forms. We can avoid these problems by permitting én to take values in a general function space, thereby
obtaining nonparametric procedures that can capture nonlinear stochastic dynamic systems plausible in
economics. This motivates us to investigate properties of some Banach and Hilbert space-valued stochas-
tic approximation ( IB or IH—-SA ) procedures and their applications to adaptive learning by economic

agents using nonparametric recursive GMM - estimation.

Mathematicians and engineers have established results for such asymptotic properties as conver-
gence, asymptotic normality and rate of convergence for IB and IH—SA agorithms without feedback.
Most of these algorithms are not directly computable, and asymptotic results are valid only for martingale
difference error (U,,) cases. A recent substantive advance in this literature has been made by Yin (1992),
who analyzed a projection-based IH—SA agorithm. He alows the error U,, to exhibit greater time
dependence than do martingale differences. To the best of our knowledge, Yin's and al other current
results consider only the 6 —independent error case without feedback. In contrast, Chen and White
(1992) propose a sieve-type IH —SA procedure (without feedback) with 6 —dependent errors. In particu-
lar, this is a procedure with finite-dimensional projection and random truncation. It is easy to compute,
alows non-linearity, imposes no prior bound on the value of the estimator, and permits Hilbert space-
valued mixingale innovations. We obtain asymptotic properties including almost-sure convergence in
norm, asymptotic normality, law of iterated logarithm and mean rate of convergence. One can apply

these results to nonparametric recursive GMM - estimation and agent learning.
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An open problem from our previous paper is to explicitly alow the possibility of feedback within
the dynamic system. In this paper, we modify our previous framework to incorporate feedback. Section 2
gives several important economic examples to motivate our research. Section 3 studies a Robbins-Monro
procedure with feedback (RMF) in a Banach space, and its aimost-sure convergence. We prove results
for almost-sure convergence in a certain topology under conditions similar to the weakest possible condi-
tions for multivariate RMF (KC, 1978). Section 4 specializes to several RMFs in a Hilbert space, and
obtains their almost-sure convergence in the weak topology. Sufficient conditions are provided in section
5 to allow the innovation process { Z, } to be a Hilbert space-valued near epoch dependent function of
mixing processes. All the results in sections 3, 4 and 5 are new. In section 6, we apply our general
theorems to establish convergence results for the economic examples in section 2. Section 7 is a brief

summary. Some definitions and all proofs are collected into a mathematical appendix.

2. EXAMPLES

Recently macroeconomists ( e.g., Marcet & Sargent, Woodford ) and game theorists ( e.g., Fuden-
berg & Kreps, Crawford ) have considered the consequences of dropping the mutual consistency assump-
tion in the concept of rational expectations equilibrium (REE) or Nash equilibrium (NE), and instead
search for plausible agent learning behaviors that lead to a"sensible’ REE or NE. Many of these learning
models are parametric stochastic approximation algorithms with feedback. However, parametric learning
can lead to incorrect belief equilibria as shown by Kuan & White (KW) (1994). The following examples

illustrate that it may be more natural to learn the true functional relationships nonparametrically.

Example 2.1: (Generalization of Bray's Model)

Bray's (1983) model is one of the first adaptive learning models in the rational expectations literature.
The following is a simple version of Bray's story. Bray assumes the equilibrium price p; for asingle
commodity is determined by the market-clearing condition p,=a+ b p®.,;+ u, where 0<b<1,
a isaconstant, p%.; isthe price that market participants expect to prevail at time t+1 given past
price information, and { u;} is an exogenous process independent identically distributed with

E[u]=0 and E[u?] <. Bray shows that there is a unique rational expectations equilibrium



Pt =0, + U, where 6,=a/[1-b].

Next, Bray supposes that homogeneous agents observe data { p; } and estimate pf according to
P41 Eét = ét_l +t7 [ poy —ét_l] , t>1, where éo is an arbitrary random variable. Note that the
market-clearing price process now becomes pt(ét) —a+ bét + U . Bray shows that { pt(ét)} con-
verges admost surely to the wunique rational expectations equilibrium, 6,+ u (i.e,
pt(ét) —0o—-U,—>0 as—IP ast— ).

Now suppose that prices are affected by fundamentals x exogenous to this market. This can be
handled by generalizing Bray's (1983) model to a function space. We now assume the equilibrium price
function p(x,t) for a single commodity is determined by the market-clearing condition:
p(x, t)=a(x)+ bp®(x, t+1) + v, where x e [-1,1] isameasure of market fundamentals, a(-) isa
measurable function with -[[—1,1] [a(X)]?dx < (so a(-)e L,[-1,1], a separable Hilbert space -- it
suffices that a is continuous on [-1,1]), 0<b< 1, p®(x, t+1) isthe price that market participants
expect to prevail at time t+1 when x occurs given past price and fundamental information, and{ u; } is
an i.i.d. unobservable exogenous random sequence with compact support, zero mean, and finite vari-
ance. It can be shown that there is a mean price function as the unique strictly stationary solution
p(x, t)=0,(X) + U, where 6,(x)=a(x)/[1-b].

Suppose that homogeneous agents can observe data on prices and fundamentals X, , where{ X;} is
a possibly time dependent exogenous random sequence with support [-1,1]. By analogy with Bray's
approach, suppose agents estimate p® as p®(x, t+1) = ét (x), for xe [-1,1], ét a random continu-
ous function on [-1,1]. Note that the market-clearing price process now becomes
p (X, é, ty=a(x) + bét(x) + U . Suppose that at the beginning of time t, agents form an estimate as
0,(x), and then observe X, and P, where P, = a(X )+ b8 (X) + U, with agents using one of the

following methods to estimate ét x):

Method 1:
Let K: IR— IR be any density function. Let { h;} be a sequence of positive numbers decreasing to

zeroas t — o, the"bandwidth". The agents set E)oso andfor t >0,
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01+1(¢) = 0,00 + E+D) T K((x=X) /)[R -6:91/h, xe[-11].
Method 2;

Let K: IR— IR beakernel density function. Let{ h; } be a sequence of positive numbers decreasing

tozeroas t — . The agents pick éo arbitrarily from L,[-1,1] , andfor t >0 set

01100 = 0,00 + (t+1) [ AT K(=X) /) B [FE) 12 -6,0],  xe [-1.1],

fre100 = f0) + @+ [ K((x=X) /h)-f()],  xe [-1,1].

Method 3:

Let K, h, and f, beasin Method 2. The agents set 0, = m / f, , where

M1 (X) = M) + 17 [h™ K(x-X) /b)) po-m(x) ], xe [-1,1] .

Method 4:

21/2

Let { g(-)} be a complete orthonorma basis for L, [-1,1], say g(x)= sin(lxm) for

X € [-1,1] . The agents again set ét = ﬁ}/ft while now m, and ft are recursive series estimators:
M+10) = M) + (t+ 1) [ Zoga g0 g p-mx) ],  xe [-11],

fre100 = H0) + E+ ) [ Zigiaen §00 600 - F00T,  xe [-1,1].

We now can ask the key question: Does{ p( - ,ét , 1)} converge in any meaningful way to the unique
solution 8,( )+ u; ? The theory of Sections 3, 4 and 5 applies to give precise and general conditions

under which an affirmative answer can be given. U

Example 2.2: (Generalization of Arthur's Learning Algorithms)

Arthur (1990) has studied the following type of learning automaton (also known as urn process,
classifier system, or stochastic replicator dynamic):
A single agent can undertake one action from{ 1, 2,..., N}, N< at each time. At time t, the smple
minded agent associates a vector of strengths S = (S, ..., S(N)) T with the actions 1,2,..., N,
and updates his probabilities 6, = (6:(1), ..., 0:(N)) T of taking each action on the basis of the realiza-

tion of random payoffs he has experienced during the past. He then chooses his action randomly from
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{1,2,...,N} according to the probability 8, . At the end of timet (or the beginning of time t+1), the
agent observes the realization of random payoffs Q(j) if action j is actualy chosen, and updates the

strength according to

0< Sp(i) <o foral i, S+1()=S(i)+B4(i, 6;) for t>0
where B(i,0) = Q(i) if i isactualy chosen at time t (i.e, B:(i,0;) = Q(i) with probability 6.(i)),

B:(i,0) =0 if i isnotchosenattimet. Let C; = %Sl(j). Define 6, = S/C; and a = (Ci4q) .
j=1

The evolution of the probability of choosing action i is
. . . . N . -
Or+1(i) = 01(1) + & [Bi(i, 01) —0:() X Be(, 6], i=1,..,N.
i=1

Arthur (1990) assumes that { Q; } is a sequence of independent, identically distributed random payoffs
which is independent of 6;,. When a, = O (t™}) as. —IP, Arthur (1990) shows that { 8; } converges

almost surely to the optimal payoff action vertex of the simplex of probabilities AN ; i.e., the limit of

{6, } isthe solution to 8(i) [ E[ Qi) ] - % E[Q()]6()]=0 fordl i=12,..N.
j=1

There are many variations of the above learning agorithm. For example, Roth and Erev (1993)
have utilized such algorithms to study some experimental data in a game theoretical framework. We
modify Arthur’'s model by allowing the random payoff to be dependent and heterogeneous and by letting
the action space be a compact subset of rea line, so that instead of being a vector of length N < o, 0,
now belongs to afunction space. For concreteness, we consider the following learning model: Suppose a
single agent has an action set [0,1]. At the beginning of timet, he chooses a density 6;(-) on [0,1] and
then chooses an action randomly from [0,1] according to 6:(-). He then observes action x; occurr
and receives a positive random payoff Q (X, Z;), where Q( -, ) isaunknown function and Z; isa
unobservable, exogeneous, possibly time dependent, Hilbert-valued random element. At timet, the agent

associates strength S(x) with any possible action x € [0,1] , and updates in the following way:

0< Sp(x) < oo for xe [0,1], 0< gy So(x) dx <o, Su1(X) = S(X) + B (X %, Zt, 61)

with Bi( % X, Zi, 01 )= Q( X, Z ) (he) T K((x=x)/h) if % isactualy chosen;
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Bi( X, X, Z, 6 ) = O otherwise. Here again K (-) isakernel, and { h; } is a sequence of small positive
numbers chosen by the agent. Define 6y(x) = S(xX)/ Jio.1) S(y) dy and & = [ljo S+1(y) dy1™. Then

forany x e [0,1] ,

Or+1(X) = 0¢(X) + & [ Be( X, X, Zy, 01) —0¢(X) -[[0,1] Bi(y, %, Z;, 0y) dy ] .

Our theory in the next section permits development of reasonable conditions under which this agent will

learn the optimal payoff action in an appropriate sense. U

Example 2.3: (Suggested by Michael Woodford)

A representative agent seeks to maximize E[ YB'U(c)], where 0<f <1, and U(c) is an
t=0

increasing concave function. The budget constraint each period is. ¢+ s<r; 81, =20, 20,
where r; is gross real return on savings at period t with r; >0 as. —-IP, s issaving and ¢; con-
sumption at period t. Thevalue of r; isobserved before ¢, , s arechosen. Finadly s_; isgivenasan

initial condition, and {r;} isan i.i.d. sequence with unknown distribution.

The optimal behavior (with correct expectation) is. at period t, choose ¢;,S to maximize
U(c)+ W(s) subjectto ¢+ <81, =20, >0, where W(s) isthe expected value of sav-

ings, which in turn satisfies
W(s)= B[S (maxg s [U(c) + W(s)])] subjectto ¢+ s<rs, ¢=20, 20,

where E;[-] istaken conditionaly on r; .

Suppose that the agent has to learn the function W(s) . Then at each period, the agent can choose
C,S to maximize U(c)+ W(s) subject to ¢+ §<r;s_1, ¢t=0, >0, where W,(s) is the
belief at date t about the function W(s), and W§ (-) is chosen to be an arbitrary increasing concave

function, e.g. U("). The agent computes the function
Wi(s) = B (maxe,s [U(C) + W*(s)]) subjectto ¢+ s<ns, ¢=0, £20

and updates his belief according to W, ,1%(s) = W,6(s) + & [ \;\/t(s) —W;&(s) ] for a sequence of decreas-

ing weights {a;}. Under what conditions can one show that W,®* — W ? The results of sections 3 and 4
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apply to provide a satisfying answer to this question. O

Example 2.4: (Generalization of Fictitious Play)

Fictitious play (Brown, 1951; Robinson, 1951) belongs to a class of famous models of learning and
behavior in game theory. A typical fictitious play model assumes two players, two strategies, simultane-
ous moves, and at the beginning of each period, each player uses the historical frequency of the other
player’s past actions to form a belief about the other player’s possible strategy. The player then chooses
his own strategy to maximize his current period’s expected payoff given his belief. Fudenberg and Kreps
(1993) have considered an augmented game of two-player, two-strategy fictitious play, consisting of the
original game with both players payoffs subject to i.i.d. shocks, and each player knowing only his own
payoff shocks. Fudenberg and Kreps (1993) have applied convergence results of parametric stochastic
approximation to show that learning players will converge to the unique Nash Equilibrium both in beliefs

and in strategies.

In this example, we consider a generalization of fictitious play with countinuum strategies. As an
illustration, we assume that the game has the following structure: two players, simultaneous moves,
infinite repetition, and each player’s action space is [0,1] . At the end of period t, player i observes
both players actual actions&q; and &, , formsabelief ;.1 about player j's action &1 inthe
next period, where the belief 6;; .1 isaprobability density over player j’s action space [0,1] . Player i
then decides his action for the next period &;;.1 according to his response function R ; which is
derived from maximizing his current period’ s expected payoff given his beliefs. This behavior istaken to
be myopic as in Fudenberg and Kreps (1993). In particular, player i will choose &; .1 € [0,1] to max-
imize

Jog Qits1 (Eivers Zige1 &) Oijeen (&) dEj,

where Q.+, isconcave and differentiable in &; 1., , and Z ., isa payoff shock to player i known at
time t+1, which is unknown to the other player for al time. In contrast to Fudenberg and Kreps (1993),
who take { Z; ;+1 } to be an exogenous i.i.d. scalar sequence, we take { Z;;+; } to be an exogenous

sequence of dependent Hilbert-valued random elements.
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Given his belief éij,tﬂ , player i’s best action at time t+1, ijl =R (éij,tﬂ v Zit+1), isasolu-

tionto

Jlog d/dE [ Qirer (éi,t+1 v Zig+1, G )]éij,t+1 (§j)d&;=0.

For example, if the payoff functions are quadratic,

Qite1 (Eiter s Zitw1  Ejitw1 ) = — (Eiter + Zigw1 —Ejire1 )2
then ijl = -[[0,1] xéij,tﬂ(x) dx — Z; 1+1 . Suppose player i formshis beliefs as
0ij,1+200 = 01500 + (E+ 17 [ (hiy )L Ki((X=& )/ ) =63,091, xe [0,1].
Again, our theory will provide sufficient conditions for the convergence to Nash Equilibrium. O

All the preceeding examples can be reduced to the convergence problem of the following algo-

rithm:

O141=01+ M (E1,60¢), Err=R(E',0,Z41),

where a; could be random, but all a; are of the order of 1/t. Inall examples, ét is afunction being
learned; ét is a function in some examples and is a vector in other examples, often corresponding to

agent actions and governing the evolution of the dynamics; and Z; isan exogenous random element.

In this paper, we provide nonparametric SA algorithms which permit feedback, nonlinearity of the
updating function, and time dependent noise. In particular, we put our SA with feedback algorithmsin a
separable Banach or Hilbert space. Convergence results for Banach space algorithms require satisfaction
of somewhat abstract memory conditions. These conditions can be easily verified if we have indepen-
dent, mixing or martingale difference noise processes, but there are presently no convenient mathematical
theorems available to deal with Banach space-valued highly time dependent, heterogeneous random
processes analogous to mixingales. Accordingly, we use separable Hilbert spaces to accomodate the
highly time dependent, heterogeneous noise processes that unavoidably arise in the presence of feedback.
Although we are motivated by the desire to provide algorithms and results for the purpose of modeling
adaptive learning behaviors in decision theory and game theory, a further benefit of our analysis is to

provide nonparametric recursive estimators in time series econometrics when the data exhibit certain
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plausible Granger-causality structure.

3. BASIC ALGORITHM AND ALMOST-SURE CONVERGENCE IN A BANACH SPACE

We begin by describing the data generating process.

ASSUMPTIONA.L: (Q,F,IP) isacomplete probability space on which is defined an (exogenous)
stochastic process{ Z,: Q — G;n=0,1,2,...} (i.e., asequence of F / B(G) —measurable mappings, gen-

erated by nature), where G isabounded subset of areal separable Banach space.

Next we describe the learning update functions.

—

ASSUMPTION A.2: (a) let = be a compact convex subset of a real separable Banach space under
metric rz, and let K be a compact convex subset (containing the origin) of a real separable Banach
space under trandation invariant metric ry , metrizing a topology such that for all K —valued cadlag
(right continuous with left limits) functions f,, f: IR— K, theintegra below iswell defined for all t
such that the integral remainsin K, and the following implication holds (where the convergence isin
sup-norm on any bounded intervals): f, — f implies -[[O,t] f(s) ds — -[[O,t] f (s) ds (e.g., norm or weak
topology). (b) M,: ExK—>K is continuous for each n, and
CO (Un<ja Mj(ExK); 0<l-n<oo) (the convex hull of Upgq Mj(ExK); 0<l-n<oo) is
bounded (- rk) for @l n large enough.

Note that the metric r¢ is only assumed to be trandation invariant (i.e., rg (x+z,y+z)=rg (X,Yy)
for al x,y,ze K), but not necessarily scalar invariant (i.e,, rg (cx,cy)=|c|rc(x,y) foral
ce IR, x,ye K). For example, we can take rg (x,y)= Y 2] Pj(x-y)/[1+p(x-y)] for

j=1
any x,yeK, where {p} is a sequence of seminorms on K such that

Mgz { X1 P(X) =0} ={0}.
The learning rate is described by the next assumption.

ASSUMPTIONA.3: { a,; n=0,1,2,... } isaseguence of nonincreasing positive random numbers such
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that: a,—0 as N— e~ as. —IP and Y a, = as. -IP.
n=0

We now describe the underlying law of motion of the dynamic system.

ASSUMPTION A.4: For each n, R,:Z"xK""!1xG — Z is a known bounded Borel measurable

function, where Z"=x{Lo Z and K" =x{"d K .

The next assumption specifiesinitial values for the learning recursions.

ASSUMPTION A5: &o Q- = and éo : Q — K are arbitrary measurable mappings independent of
{Z.}.

We now have sufficient structure to define the learning recursions of interest:

0ne1=0n+ 8, My(&0,60), Ener=Ry(EM, 0™, Z041), n=0,12,.,

With EM= (Eg,nEn), ™= (80,0 0ne1) -

The above learning recursion is simply a Banach space ( IB) version of the Robbins-Monro pro-
cedure with feedback (RMF) introduced by KC (1978). Berman and Shwartz (1989) (BS) present a
Banach space-valued Robbin-Monro (RM) procedure without feedback, in which M,,:GxZ > E is
the form Mn(Zn,é n) = M(é n) + Z, foral n. Given KC's (1978) approach to the real-valued RMF, and
BS's (1989) approach to the Banach-valued RM, it is plausible that the essential steps to establish almost
sure convergence (in a certain topology) for a Banach-valued RMF are first to find a suitable compact
convex metric space (K, rx ), and second to show (a) én e K foral n, and(b) forany € >0 and a

suitable function M,
limpee 1P [ SUD; 50 MaXe<t i Emgmy <i <mqT+n—1 & [ Mi(E7,01)-M©)],0)=e]1=0,
where tg=0, ty = Zpci<n1 @ and mt)=max[n>0:t,<t] if t>0 and m(t)=0 if t<0. We

formalize this requirement as

ASSUMPTION A.6: Thereisafunction M : K — K such that: @ M is continuous (= rg); and (b) for

each 0<T< e, each 6 € K andany € > 0, thefollowing holds:
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limy IP [ SUp;sn MaXeer Mk (Em(m<i<mr+n-18 [Mi(£©6),6)-M@©)],0)2¢]1=0,
where £,,(0) isdefined recursively as
En1(0) = R (£°0) 0™ Zne) , =012, £0(0) =E%0) = Eo,

and 0"*1=(0, -+ ,0), thepointin K"*1 with identical coordinate 6 in each position.

Let u denote asequence { i, } with u,, € K for each n. Definethe sequence { £,,(u) } recursively as

Enea(1) = Ry (EM(1) i, O<i <n+1, Zoyy), N= 0,12, Eo(p) =E%u) =&

Let i1()) be the function with value u; on [t ,t41). Let £°(u) be the piecewise right continuous

constant interpolation of {&,(u)} on [0,«) with interpolation intervals {a,}, i.e,

EOu t)=En(u) for te [ty ther).

ASSUMPTION A.7: There exists a IP —null set Q, such that for any w € Q—-Q,, for each rea

d:>0,0,>0, we have: for each € >0, there exists 6> 0 such that for any infinite subsequence
{n},
(1) 1im SUpy SUP_q, <sr<q, Tk (A Ly +) jI(ty +7))<8 and
(2) lim SUpy SUP_q, <s<q, Tk (V(ty + ) Aty +5))<8,
then for that subsequence { n" },
(3) lim SUpy SUPocs<qy T=(E°(1 , by +5), 0V, ty +5))<e .

Here both u ={ u,} and v ={v,} can be either sequences of constant values # and 6 or one is con-

stant and the other is the sequence of sample values of { 0 n(w)}.

Notice we can rewrite Assumption A.7 in a non-interpolated form with the following versions of (1) - (3):

(1) lim supyy SUP_g, <ny,np<qq K (.un'+n1 s +n, )<o,
(2) lim supyy SUP_qg,<n;<q; Tk (Vn'+n1 s +n, )<9,

(3) lim supyy SUPo<nz<q; I’E(gn’+n3(.u ) ’gn'+n3(v ))<e.
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Let 6°(-) be apiecewise linear interpolation of { én } with interpolation intervals{ a, }, i.e.,
0°(1) =0, X (thsg —t)/ 8y + 0 sy X (t=t,)/ 8, for te [tyther).

Define 6"() , theleft shift of 8°(), by 8(t) = 0°(t, + t) .

THEOREM 3.1: Given A.1 - A.7 for the Banach-valued RMF, if én e K fordl n as.—IP, then:

() {6"(-) } is uniformly bounded and equicontinuous on bounded time intervals almost surely in

the rx —metric.
(i) {O6"(")} is sequentially compact in (K, rx); and any rg —limit 6 satisfies the ODE

6 =M(0()), where 6(t) = do(t) / dt .

Let © bethe set of locally asymptotically stable ( in the sense of Liapunov ) equilibriain (K, r¢ ) for

the above ODE with domain of attraction da (©") c K . Fix acompact subset C c da(®").

(iii) If én e C infinitely often , then én -0 as n— e as—IP inthe r —metric, i.e, there

exists Q with IP(Q" )= 1 suchthat forany @ e Q" , lim,[infgec o rk (84@),6)]=0.

To illustrate the content of this result, we now restrict K and Z to be bounded closed balls of real separ-
able reflexive Banach spaces (e.g., Hilbert spaces, |, —spaces, L,-spaces of integrable functions,
Sobolev spaces with generalized L, derivatives, 1< p < < ), and obtain almost-sure convergence in the
weak topology. Recall that the weak topology of a Banach space (IB) is the topology obtained by taking
asbase all setsof theform n (X;Ae) = Mpea{ye B: |h(y—-x)|<e},where xe IB, A isafinite
subset of IB”, the space of continuous linear functionals on 1B, and € > 0. The weak topology of a
bounded closed set of a separable reflexive Banach space is metrizable; we denote d and dg the

metrics which specify the weak topologies on K and = respectively. For example, we can define

d(x,y) = i 2" | hy(X)=ha(y) |/ (1+ | hy(X) =hn(y) | ), where{ h, } isacountable dense subset of

n=1
IB* . Under the weak topology, any norm-bounded subset of a reflexive Banach space is compact;
Assumption A.2(a) is automatically satisfied; If for each n, M, is continuous under the weak topology

(i.e., weakly sequentially continuous), then M,(=x K ) iscompact, and Up<jq M;j(E x K') iscompact
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aslong as | -n<e. Hence co(Upgjq Mj(ExK)): 0<l-n<e) is compact, thus bounded.
Therefore we obtain the following almost-sure convergence in weak topology as an application of

Theorem 3.1.

COROLLARY 3.2. Let K and Z be norm-bounded closed balls of rea separable reflexive Banach
spaces with the weak topology-induced metrics d and dz respectively. Suppose the following condi-
tions hold: (1) A.1, A.3- A5 A.6(b) and A.7 with rz =dz and rqc=d. (2) for each n, the map
M, : ExK — K isweakly sequentially continuous. (3) the map M:K K is weakly sequentially

continuous. (4) én e K foral n as —IP. Thenal conclusions of Theorem 3.1 hold with rx = d.

Remark 3.3:

(@) In a finite-dimensional Euclidean space, al topologies generated by the different metrics are
equivalent, so that Corollary 3.2 includes the parametric results of KC (1978, p.73, theorem 2.5.1) as a
specia case. In particular, versions of the Ljung (1977), Marcet & Sargent (1989), Woodford (1990), and

KW (1994) parametric adaptive learning results are included in Corollary 3.2.

(b) Any continuous linear functionals of én will converge to the same continuous linear function-
als of any element of ®" . Moveover, a convex functional is the supremum of continuous linear func-
tionals. Consequently, in a utility space or a profit space, value functions evaluated at én will converge

amost surely to the values that would be achieved if learning were not necessary.

() In many cases, M is a gradient operator of a real-valued function F € CY(IB, IR), whichin
turn is an objective function for some estimation problem. Now M(B) =0 foral 6 ® givesal the
critical pointsof F . If M is completely continuous, then F is continuous with respect to weak conver-
gencein 6 € IB (see Berger, p.96 (ii) ). Inthis case én — 6 weakly implies F(én) — F () strongly.

(dy If én — 6 in weak topology in a Banach space, then there is a sequence { 6, }, with 8, a
convex combination of { 0 i 1<j<n}, convergingto 6 innorm (see, e.g., Berger, p.31 (1.3.11,iv)).

(e) If én — 6 in weak topology in a uniformly convex Banach space (e.g., Hilbert spaces,

L, —spaces of integrable functions, Sobolev spaces of functions with generalized L, derivatives,

1< p < oo)withnorm |-||, and Hén |—@], then 6,0 innorm (see, eg., Berger, p.31 (1.3.11,vi)).
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(F) If ® hasonly finitely many isolated elements, the particular element to which { én } will con-
verge depends on the initial conditions and the realization of the noise processes. Therefore, we cannot
rule out the possibility of sunspot equilibria. The same things also occur in a correctly specified

parametric learning model, e.g. Woodford (1990).

4. MODIFIED ALGORITHMSAND CONVERGENCE IN A HILBERT SPACE

In this section we speciaize the above Banach-valued RMF and Corollary 3.2 to a real separable
Hilbert space IH, with Kc IH, and 2 a(norm) bounded subset of areal separable Hilbert space. Let

IH be endowed with inner product < -, >, norm || x| = < x, x >¥2

, and identity operator 1 . Again
d and dz are the metrics corresponding to the weak topologieson IH and = respectively. For learn-
ing applications, we consider modifications of the above RMF procedure involving finite dimensional
approximations, which is similiar to a Galerkin approximation to the Hilbert-valued RMF. The separabil -

ity of IH implies the existence of a complete orthonorma basis {e;j=0,12.. }. Let

Py - IH— Hi(ny be the orthogona  projection  of H onto Hkwy»  Where
IHymy=cl [sp(€p,€1,..., &m)l, and { k(n); n=0,1,2,...} is an integer valued sequence such
that:

k(0)=0, k(n)<kmn+L)<kn)+1l; and  limy,.k(n)=o.

>Fromthisit followsthat dim (IHyr)) = k(n) + 1<n+ 1.
We replace Assumptions A.2 and A.5 with the following

ASSUMPTIONB.2: Let = be anorm-bounded subset of a separable Hilbert space with norm ||-||z and
dz the metric induced by the weak topology, and let IH be a real separable Hilbert space with norm
||l and d the metric induced by the weak topology. For each n, themap M,: ExIH— H is (a)
uniformly continuous on any bounded set of the foom Zx{6e H: ||6|<B} forany 0<B< ;and

(b) weakly sequentially continuous.

ASSUMPTIONB.5: &o :Q—E and éo : Q — Hy(o are arbitrary measurable mappings independent
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of { Zy}, with |8, <B< e as. —IP.

We can now define an RMF procedure with orthonormal projection (RMFP) in a Hilbert space as

A~

On+1=0n+ ay Py Mn(En.0n), Sne1=Ra(E" 19n+1vzn+1)a n=0,12,....

In writing the above, we have abused notation by using én as the second argument of M, and 0" as
the second argument of R, . Strictly speaking, these arguments should belong to H and IH"*1: we
could, for example, adhere to the formalities by replacing én with én , an element of H constructed
by concatenating én with 0e H. We avoid doing this because the resulting notation becomes too

heavy, and no confusion should result from our abuse.

Assumptions A.3, A.4 and A.7 continue to apply with (Z,rz) and (K, ryx) taken to be

(2,dz) and (Kg,d), where Kg={60 e IH: |6|<B} foranarbitrary given 0< B< .

ASSUMPTION B.6: Thereisafunction M : IH— IH such that @ M is uniformly continuous on any
norm-bounded subset of IH, (b) weakly sequentialy continuous, and (c) for each 0< T <, each

6e H, andforany € >0
limy IP [ SUp; sn MaXe<r d( Emgmy<i <m(r+ -1 8 Pigy [ Mi€i©) ,6)-M©)],0)2e]=0 .

(Notice that most commonly used linear and nonlinear operators satisfy Assumptions B.2 and B.6(a)& (b).
For example, bounded linear operators, Hoélder and Lipschitz operators, uniformly continuous operators,

some compact operators, some continuous operators with growth rate equal to or faster than linear, etc.)

THEOREM 4.1: Given A.l1, B.2, A3, A4, B.5, B.6, and A.7 for the Hilbert-vdued RMFP, if

suanénH< ~ a.s.—IP, then:

() {6"(")} is uniformly bounded and equicontinuous on bounded time intervals amost surely

under the || - || topology.

(i) { 6"() } issequentially compact under the weak topology; and any weak limit 6(t) satisfies the

ODE 6= M(6()) .

Let ® bethe set of locally asymptotically stable (in the sense of Liapunov ) equilibriain IH for the
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above ODE with domain of attraction da (©")c H. Fix asubset Cc da(®"), compact under the
weak topology.
(i) If én e C infinitely often, then én — 0" as n—o as—IP in the weak topology, i.e.,

thereexists Q" with IP(Q" )= 1 suchthat forany o € Q" ,
lim, [infgco | <O,@),h>-<6,h>[]=0, foral he H.

Remark 4.2: If welet K and EZ be norm-bounded closed balls of real separable Hilbert spaces in
Corollary 3.2, and let Pypy =1 for dl n in Theorem 4.1, then they become akin to each other.
Nevertheless, Theorem 4.1 has the extra assumptions B.2(a) and B.6(a), since K need not be a fixed ball

in Theorem 4.1. Hence Theorem 4.1 is more applicable to models with no prior about where ©" belongs.

In the above theorems, we have assumed the uniform boundedness of { én } and { é n}. Because R,
embodies agent actions, it is plausible to assume that agents always choose their actions &n from a
bounded set = . To establish the uniform boundedness of { én } generated by the RMFP procedure, one
can adapt a traditional "fixed resetting" method from the parametric of RMF algorithms. This involves
resetting én back into a fixed bounded set which contains all asymptotic equilibrium points whenever
én attempts to escape. This method was proposed by Ljung (1977), and has been utilized by Marcet &
Sargent (1989), Woodford (1990), KW (1994) and others. Here we consider a rather different resetting
procedure, suggested by work of Yin and Zhu (1992). First we strengthen our condition on M, by

replacing B.2 with

ASSUMPTION C.2: (a) B.2(a) holds; (b) M,, iscompletely continuouson Zx IH, n=0,1,2,....

This accomodates the possibility that én may become unbounded.
Next, let { B,; n=0,1,2,..} be a sequence of dtrictly increasing positive rea numbers with
lim,_.. B, = o . Define a sequence of positive integer-valued random variables by

TO0)=0, T(h+1)=T(n)+ 1(J,°),

where 1(A) denotestheindicator of theset A€ F and J,={ Hén + a, Py(n Mn(é n,é < Brm) }-



-18-

A randomly truncated RMFP (TRMFP) in a Hilbert space is
On+1=[0n+ ay Pk(n) Mn(&n.0n)11(n) + Pk(n) 613, ,

Ene1=Ry(EN ,én+1 v Zae1), Nn=0,12,..,

where &o and éo are as in Assumption B.5 and J,°={ Hén + a, Py(n Mn(é n,é n) [|> Breny }. We fix

0< B< B; andchoose 8 € H to be an arbitrary fixed element with |§|< B .

One problem with both the fixed resetting method and our TRMFP is the possibility of an infinite number
of resettings, which will affect the limiting dynamics. To make sure that the resetting happens only a

finite number of times amost surely, we strengthen Assumption B.6.

ASSUMPTION C.6: Thereisafunction M : IH— IH such that (a) B.6(a) holds; (b) B.6(b) holds; (c)

forany 0< T<oo, forany € >0 and |6]|<B,
limy, 1P [ SUpjsn MaXe<t | Zm(my <i <m(T+t) -1 & Pra) [ Mi(&i©) ,8) -M@©)1]>£]1=0 .

We also add
ASSUMPTIONC.8: © ={0 e H: M(B) = 0} isacompact subset of H .

(Hence supgc o [|€]/< 0 .)

ASSUMPTION C.9: There is a bounded and twice continuously Frechet differentiable functional
V:H— IR suchthat: (8 V(@)=0 for 6 e H, limjg . V(O)=c.

(b) VO)#V@®'), for 6 H-0" and 6" € ©" .

() <V (©),M@B)><0, fordl 6 H-0".

(d) V@) <b ad [V@),b] V(@O )=#[V@),b], where b=inf{ V(©): |6]=B}.

THEOREM 4.3: Given the Hilbert-valued TRMFP, suppose A.1, C.2, A.3,A.4,B.5, C6,A.7,C8 and

C.9hold. Then én — 0" as n—e as—IP inthewesk topology.
Instead of strengthening Assumption B.2 to C.2, we can strengthen Assumption A.7to C.7

ASSUMPTION C.7: A.7holdswith re=d, but rz =||z.
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THEOREM 4.4: Given the Hilbert-valued TRMFP, suppose A.1, B.2, A.3, A.4,B.5, C.6, C.7, C.8 and

C.9hold. Then én — 0" as n—e as—IP inthewesk topology.

Remark 4.5: Theorems 4.1, 4.3 and 4.4 still hold when P, =1 forall k, that is, in the case of no orthog-

onal projections, hence they imply al the conclusions of Corollary 3.2.

5. SUFFICIENT CONDITIONSFOR ALMOST-SURE CONVERGENCE

Although Assumptions B.6(c) and A.7 (C.6(c) and C.7) seem to be rather abstract, they are very
mild conditions. Assumption B.6 (C.6) is satisfied for many Hilbert space-valued dependent processes,
and Assumption A.7 (C.7) is satisfied by imposing appropriate continuity conditions on the mappings
{ R, }. We provide some sufficient conditions for B.6(c) and A.7 (C.6(c) and C.7) in this section. Using

Theorems 4.3 or 4.4, we can assume sup;, Hé nll< B<w as —IP without loss of generality.

Let 0"*1=(6, --- ,0), thepointin H""! with identical coordinate 6 in each position, and

define £,(0) recursively as
Enii €)= R (£°6) 6™, Zou1) . n=012..; & ©)=E°0)=&o.
If M(B) = limp_e E[ Ma€En®),0) 1] exists in the norm topology (i.e,

limp . | E[ MnEn®) ,0)] - M(©) |=0), then it will suffice for Assumption C.6(c) (hence B.6(c)) that

foreach 6 suchthat |6 |<B,
Iy & [ PkyM;E€©) . 0) —E(PcM;E;©) .0))]l|< > as—IP.
j=0

This summability condition can be verified using convergence results for Hilbert space-valued mix-
ingales recently obtained by Chen and White (CW) (1994). For convenience, we now provide the essen-

tial background and definitions. For further detail, see CW (1994).

Let ||, denote the L,-norm for a Hilbert-valued random element (H-re ) X,
IX[[p=[E[X|P]YP, 1<p<e. McLeish (1975) first introduced the notion of an L,-mixingale
sequence for real random variables; the notion of L, —mixingales was introduced by Andrews (1988).

Gyorfi and Masry (1989) present a notion of an L, —mixingale for Hilbert space-valued random
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elements. Here we use the notion of an IH —valued L, —mixingale process ( CW, 1994) :

DEFINITION 51: Let {W,;—-~<n<ew} be a sequence of IH-r.e's with finite
Lo —norms, 1<p<eo. Let { A"} be a filtration of F. Then { W,,A"} is an L,(H)-mixingale
sequence if there exist sequences of finite nonnegative constants { ¢c,;n>1} and { y,,; m>0} with

¥m— 0 a m— e such that the following two inequalities hold foral n>1, m>0 :

[E (W | A™™) [lp<¥/m Cn;

|Wh — E (W, |An+m)HpSWm+1 Cn -
If, in addition, W, is A" —measurable, then { W, , A" } isan adapted L,(IH)—mixingale sequence.
An L,(IH) —-mixingale with 1<p<e has zero mean. We can choose { ¥, ; m=0} to be non-increasing
in - m when { W,, A"} is an adapted L,— mixingale (p>1). We say that v, is of size-a if

Y [Wml® <o or yy=0(mY) forsome a< (15) or y,=O(m*) forsome A <-a.
m=0
To exploit CW’'s (1994) convergence results, we replace Assumption C.6 as follows

ASSUMPTION D.6: (a) For each 6 € IH suchthat 6 |<B, M(®) = lim_.. E[ MyEn(©),6)] exists
in the norm topology; (b) the map 6 — M(B) is uniformly continuouson {6 e H: |0 < B<o }, and

weakly sequentially continuous; (c) for each ||0 ||< B,
{ Pkn) Mn(En(60) .60 )-EJ Pkn) Mn(£n®).0)],F"; n=0,12,..}

isan L,(IH) —mixingale with parameters {c,} and {y} satisfying Y (c,a, ’<e as -IP, and
n=0

Vm=0(mY¥2 (logm)?), where 6(Zg, ..., Z,)cF".

Note that when Py M, (£,(0) , 0 ) isnorm bounded uniformly in n, we have sup, ¢, <c <o, and

the requirement of Y (c, ay )?< e as. —IP becomes the commonly seen condition > a,> < oo
n=0 n=0

a.s. — IP in parametric models. Although the boundedness uniformly in n is a reasonable assumption in

parametric setting, it often fails to hold in nonparametric models; see the examples in Section 6.
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The following result is a simple application of a strong law of large numbers for Hilbert space-valued

mixingale processes (corollary 3.8 in CW, 1994), and the triangle inequality.
LEMMA 5.2: Assumptions A.1, A.3, A.4 and D.6 imply Assumption C.6 (hence B.6).
The following assumptions imply C.7 (hence A.7)

ASSUMPTION D.1(a); Assumption A.1 holds when G is a norm-bounded convex subset of a real

separable Hilbert space with norm | +|| g, containing the support of Z,, n=0,1,2,....

ASSUMPTION D.4(a)& (b): Let E be a norm-bounded subset of a separable Hilbert space, and H a
separable Hilbert space. Let p, : Ex Hx G — = be a mapping bounded uniformly in n, and continu-
ous such that:

(@ for each (6,z)e HxG, the mapping pn(-,0,2): (E,]|'|z)—(Z,||z) is contractive
uniformly in (0 ,z,n); i.e,thereexistsa cy independent of (6,z,n) with 0<cy< 1, suchthat

forany £, ,&,€ E,

lpn(E1.,0,2)=pn(&2.0,2)[z<colE1-E2]l= -

(b) foreach (£,z)e ExG, themapping pn(&,-,2):(IH,d)— (E,||:|=z) isLipschitz continu-
ouson{9:\\9\\S§<oo},uniformlyin (E,z,n); ie,thereexistsa c; independent of (£,z,n)

with 0<c; < oo, suchthatforany 6, ,6,¢ H, |6,|<B, |6,]|<B,

lon(&,01,2)=pn(&.02,2)|[z<cyd(01,02).

LEMMA 5.3: Recursively define &,+1({0i}) = pn(En({0i}) 1 0n+1, Zn+1 ) for any sequence {6;} with
6ie H, anddl i,n=0,1,2,... Then Assumptions D.1(a), D.4(a)&(b) imply Assumption C.7 (hence

A7)

Assumptions more primitive than D.6(c) can be given using notions of mixing and near epoch depen-

dence.

DEFINITION5.4: (1) Let A, G betwo o—subfields on the probability space (Q, F, P) . Definetwo
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measures of dependence as:

o (A,G)=sup[ | P(AC)=P(A)P(C) |: Ac A, Ce G];

¢ (A,G)=sup[ | P(C|A)-P(C)|: Ac A,P(A)>0, Ce G].

(2) Let { D, } be asequence of Banach-valued random elements ( IB —r.e."s ) defined on the probability

space (Q,F,P),and denote A, =0 (D;; a<j<b).Define
am)=supy [o (A", Apem™) 15 oM =sup, [0 (A", Anem™) 1.

If limy_.a(m)=0, then{ D,} iscaled an a—mixing sequence. If limy,_. ¢(m)=0, then{ D,}
iscalled a g—mixing sequence.

(B Let{D,; —o<n<ow}bea IB-re. sequenceand{ W, ; —~<n<e} bean H-r.e. sequence
Then { W, } is called Ly(IH)—near epoch dependent (NED) on { D, } if |W|p <o, 1<p<eo, and
there exist constants { 4, >0; m>0} with u,, decreasing to zero as m—>« and { d,>0; n>1}

with sup, d, < = such that
IWa —E[Wh | An ™™ ][lp Stmdn, whereALisasin (2).

CW (1994, lemma 4.3) have shown that zero mean L,(IH) -NED processes are L,(IH) -mixingales. We
now show how to exploit this fact to give more primitive assumptions on the underlying random noise

{ Z,} to generate an L,(IH) —NED process which satisfies D.6(c).

ASSUMPTION D.1(b): { Z,;n=10,1,2,..} has finite L, —norm with r >2, and is a sequence of
L,(G) -NED functions on { D,,} of size —1/2, where { D,} is a IB -valued mixing process on

(Q,F,IP) with ¢, of size—1/2 or o, of size—1.

ASSUMPTION D.4(c): The mapping pn(&,0,:):(G,|'lc)—(E,||z) isLipschitz continuous
uniformly in £e 2,0 H and n>0; i.e, there exists a c, independent of (£,6,n) with
0<cy <, suchthatforany z;,z,€ G,

lon(& .6 ,21)—pn(E,0,22)|z<c2l|z1- 22| -

ASSUMPTION D.2: (a) B.2 holds, and (b) for each n, there exists a c3p,, independent of
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6e H,|0|<B,

with 0<c3p < e, suchthatforany &, ,6,€ =,
I Py Mn(€1,6 ) = Py Mn(£2,80)[I€C3n 61 -E2]l= -

ASSUMPTIOND.3: A.3holds, and Y (C3p8,)° < as.—IP.
n=0

LEMMA 5.5: Recursively define £n:1(0) =pn(En@), 0, Zy+1 ) for any constant sequence {6} with

6e H andal n=0,12,.... Then Assumptions D.1, D.2(b), D.3, D.4(a)&(c) imply Assumption D.6(c).

COROLLARY 5.6: Suppose that Assumptions D.1 - D.4, B.5, D.6(a)&(b), C.8 and C.9 hold for the Hil-
bert -valued TRMFP, with énﬂ =pn(§n ,én+1 v Za+1), N=0,12,. . Then al conclusions of

Theorem 4.1 hold.

6. APPLICATIONS
We are now in a position to obtain convergence results for versions of all the examplesin section 2

by applying the foregoing theory.

In Example 2.1 using Method 1 we denote &, =(E1¢,Ep¢) and Zi=(Zyy, Zot), Where Zy =X
and Zo i =up. Let &1;=Zy and §5,(0) = pr= a(Zy; ) + bO(Zyt) + Zpr, with
Mi(St,0())= () K((=&10) /) x[E2:-6()].
Also = c IR? (to be specified later), IH= L,([-1,1]), and
1E1=2= 1861 17+ 1&21% 5 [0]1%=lcay [60)]%dx .

Then we get a Hilbert (IH) ~valued RMF: 847 = 8 + (t+1"2 M(&,, 6, ). We obtain the following

result by applying Corollary 5.6 and Remark 4.5.

PROPOSITION 6.1: In Example 2.1 and Method 1, suppose{ u; } is i.i.d. sequence with compact sup-
port [l4,15], zero mean, finite variance, and independent of { X; }. Suppose further that the following

hold:
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(6.1.1) each element of { X; ;t>0} has compact support [-1,1] and the same unknown continuous
density f;

(6.2.2) { X;} is Lo([-1,1]) -NED with sup; d; < = and size —1/2 on a mixing sequence {D;} with ¢ of
size-1/2or o of size -1;

(6.1.3) K() is Lipschitz continuous, K()>0, symmetric about zero, Jg K(x)dx=1, and
Jr |K(X) |?dX<C<oo;

(6.1.4) { h; } is adecreasing sequence of positive numbers satisfying h, = O ((t+1)™) for some fixed
0<o< V4,

(6.1.5) a isLipschitz continuous on [-1,1];

(6.1.6) éo is an arbitrary random Lipschitz continuous function on [-1,1] , independent of { X; } and
{ul.

Then | /g (ét(x)—a(x) (1-b)y™ 1 Yh(X)dx | 50 ast— e~ as —IP foral h()e Ly(-11]). O

In Example 2.2, we denote ét =0, & = (E1p,E0) With Eq =%, &xi =2, and

Mi(&r,0(+))= QE) K((-=&1e)/he) (™ =6(+) o QED) K((y—E1e)/ ) [hd™ dy.

Here £E=[0,1] xG and IH= L,([0,1]) , where G isabounded subset of a separable Hilbert space.

161z = C(1&1e 12+ 1€2el6®) Y25 161= (Joyy [6() 12 dy) Y2

PROPOSITION 6.2: In Example 2.2, Sy(*) : [0,1] — (0,) is chosen to be continuous in x € [0,1] ,
and independent of { Z; }. Suppose for each t >0, X isindependent of { Z; }, and the following hold:
(6.2.1) { Z '} is a bounded Hilbert -valued random sequence with bounded support G, and is
L,(G) —NED with parameters {d} and {u} of size —1/2 on a mixing sequence {D;} with ¢ of size
-1/20r o of size -1.

(6.2.2) Q:[0,1] X G — (0,00) hasthe form Q(x,z2) =Q1(X) x Q,(2) foral xe [0,1], ze G, where
Q1() and Q,(+) areboth Lipschitz continuous, and Q,( Z; ) has same finite mean for al t .

(6.2.3) K() is Lipschitz continuous K ()>0, symmetric about zero, Jg K(x)dx=1, and
Jr |K(X) |?dX<C<oo;

(6.2.4) hy= O((t+1)®) for some §e (0,1/4) .



-25-

(6.2.5) © iscompact and not empty, where
O ={0:0x) imE[ Q(x,Z) _-[[0,1] Q(s,Z;) 0(s) ds] = Ofor al x € [0,1] ; @ isacontinuous density on [0,1] }.

Then ét — ©" inthe weak topology almost surely.
(Hence, in the limit, ét will put positive weight in a small area where the expected payoff is maximized

and zero weight elsewhere). O

In Example 2.3 we let Z; =1, 6;=W*, éjt:\;\/tz f(6y,2); then M{=¢&;—6;. The following

result is asimple application of Corollary 5.6.

PROPOSITION 6.3: In Example 2.3, suppose

(6.3.1) U(") istwice continuously differentiable with U >0 and U~ < 0.

(6.3.2) 8, is chosen from a twice continously differentiable family such that 6> 0 and 84 <0
amost surely.

(6.3.3){ r; } isapositive, i.i.d. random sequence with a compact support [a,b].

Then | Ir (ét(x)—éj‘t(x))h(x) dx | -0 as t— oo as.—IP, and
| Ir (%t(x)—W(x))h(x) dx | >0 ast—ew as.—IP, fordl h()e Ly(IR), where W(:) isthe

true value function without learning. O

In Example 24 we define 6 =(01,0x), &i=(E11,821), M=(My, My ), and
Z=(2Z14,2Z31); then Epyg = Jio XO(X) dx — Zy4 for the quadratic payoff function, and
Mi €1.6:()) = ([ ™ Ka((- = (0.1 Eelhay) , [had ™ Ka(( = (1,0)Ee)ha ) = 64()
Also G c IR? (to be specified later), ==1[0,1] x[0,1] € IR?, IH= L,([0,1]) x L»([0,1]). For any
E=(&,6))eE andany 0 =(61,0,)e H, put
1E1=2=181 17+ 1621 11017 =10 [6200 17 cx + Jo.1y [62(x) ] dx

PROPOSITION 6.4: In Example 2.4 with quadratic payoff function, let %1,0, %2,0 be arbitrary
(0,1) —valued random variables, and let élz,o, é21,0 be arbitrary L,([0,1]) —valued random continuous

density functions. Suppose that %1,0 ,%2,0, é12,0 -é21,0 ,{Z14} and {Z,,} are mutually independent.
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Further supposefor i = 1, 2, that the following hold:

(6.4.1) For al t, the elements of {§;} have compact support [0,1] and unknown continuous density
function f; .

(6.4.2) {Z 1} isuniformly bounded in t, andis L, -NED of size — 1/2 on amixing sequence { D;} with
¢ of size-1/2or o of size 1.

(6.4.3) K;() is Lipschitz continuous, symmetric about zero, K;()=0, Jg Ki(x)dx=1, and
[r | Ki(X) |2dXx<Ci < oo,

(6.4.4) { hi ¢} is a decreasing sequence of positive numbers satisfying h;; = O ((t+1)_5i ) for some
fixed 0< §; < /4.

Then | fiox (012400 =200 ) h(x) A | + | fjo.y (B20,:(0) ~F1(¥)) g dy | 50 ast—e as—IP,
foral h(),g()e Lp(0,1]) .0

7. SUMMARY

The agorithms introduced in this paper provide tools for economists to study adaptive learning
models for economic agents, and for econometricians to estimate nonparametric time series models with
dynamic latent variables. The procedures are easy to compute and allow time-dependent noise and non-
linear updating functions. In particular, both economic agents and econometricians can learn the "truth"
amost surely under favorable conditions using these procedures, regardless of their priors. We can thus
avoid the pitfalls possible using parametric approaches. For example, in Marcet - Sargent type
parametric learning models, if agents use correctly specified parametric models to learn, they will learn
the REE almost surely; but if agents use incorrect parametric models to learn, they can easily arrive at

incorrect belief equilibria.

An important area for future research concerns the rate of convergence of the estimates én . This
has important implications for the optimal growth rate of k(n). We expect that our nonparametric esti-
mator will converge more slowly than their parametric conterparts, we aso plan to compare the rate of

convergence of our procedures to those of other nonparametric estimation procedures.
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Another important area for further reseach is the investigation of asymptotic distribution properties.
This represents a significant challenge, because as far as we know, there are no such results even for

parametric procedures with feedback.
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8. MATHEMATICAL APPENDIX

Definitions and Notations;

Let X and Y be Banach spaces with norms ||-||x and | ‘||y respectively. Let M: X —Y bean
operator. Then M is (norm) continuous provided X, — X innorm-|-||x implies M (x,) = M(x) in
norm-|-|y. M is completely continuous ( or strongly continuous) provided X, — X in the weak
topology of X implies M(x,) > M(x) in norm-||y. M is weakly sequentially continuous (or
demicontinuous ) provided X, — X in the weak topology of X implies M (x,) > M (X) in the weak
topology of Y. M is uniformly continuous on D c X provided for any € > 0, there exists d(€) > 0
such that for any x,ue D with |[x—u|x<dE), we have [MX)-M@U)|y<e. M s
Lipschitz continuous on D c X provided there exists afixed ¢ such that forany x,ue D, wehave
IM(X)-M(u)|y<c|x—ul|lx. M is contractive provided M is Lipschitz continuous with
0<c<1l. M isbounded provided M maps bounded sets into bounded sets. M is compact provided
M is continuous and maps bounded sets into relatively compact sets. The relations among the above

various operators can be found in in Berger (1977, pp 64-65, 89,93, etc).

PROOF OF THEOREM 3.1: (i) Let Q° denote the union of the set where { én} isnotin K with the
union of the exceptiona setsin A.3, A.6(b) and A.7. Fix wm e Q-Q . Given én e K foral n and
that K is convex, we have 6"(t) e K for each t and al n. To prove equicontinuity of { 6"(:) }, it

suffices to show that for each s> 0, rg (8"(t+s),0"(t))<e(s) for all n large enough, where

-1
£(s) >0 as s— 0. Denote ig=m(t,+t)=max{1=0: Y a <t} and ig=m(t,+t+s)-1. Since
j=n

i a; = o ((A.3)), for any finite s>0,t>0, we have limsup,_,., [is—ig] <. By the definition
j=0
of 6", wehave
0"(t+s) —0"(t) = Zj j+1<j<ic1 @ Mj(&j ,éj )+t a g, Mio(éio ,éio )+ B a, Mis(éis ,éis )
for some o,Be[01]]. Let 0=Zi +1<j<ic1 & » then 0<s. Hence

rg (6"(t+s),0"(t))<Jq + J, + J3, where
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3121k (8 Zigrajsic1 (31 8) Mj(E},6;),0),

and
Jp=ry (&, a Mi(Eiy,0i,),0), Ja=r (&, BMi(E,,0:.),0).

Given A.2(b) (boundedness), A.3, and 6<s— 0, by exercise 4(d) in Conway (1991, p. 107), we have
J;—>0, J,—»0, and J3—>0 as s— 0 for al n large enough. Hence { 6"(") } is equicontinuous
under the r —metric.

(ii) Given (i) and (K, rk) acompact space, we can apply Ascoli - Arzela's lemma to conclude
that { 6"(*) } is sequentially compact. Thus, every sequence of { 8"(-) } has a convergent subsequence in
the rx —metric. For notational simplicity, we denote the convergent subsequence again by { 6"(-)} and
the limit (in rx —metric) by 6(:) . Moreover, the convergence is uniform on each compact t — set. i.e,
SUPo<i<T Fk (0"(t) ,0(t)) >0 as n—« as. —IP forany 0<T <. Nowfixany 0< T< e andlet

t,t+se [0, T]. Forthisconvergent subsequence { n}, given A.2(b) and A.3, we have
(@1) 0"(t+S)—0"(1) = Zmiet) 5 <miprtvg-18 Mi(E),05)—0(1),

where supo<;i+s<t 'k(0(1),0) -0 as n— . Given A.3, we can chose a sequence { 6, > 0} such

that
5,40 and 8,7t supjsna >0 asn—eo.

We select an increasing integer - valued sequence { r; } with ry=n suchthat X, <j<,,-18 = 6n,

modulo an end value. Hence 8,7 (t -t )>1lan—ew. Let 0<§,<20,< *--<t+s bea

M+1

partition of [ 0,t + s] with equal length of subinterval &, .

Z @+t <j <miprt+s) -1 8 Mj(Sj,0)
=% 80 X[ 60 Zrgjero1 & M(E;.6))]

=% 6p fn(@) + Zy 00 A(D) = It£1<t+s fo(r) dr + It£1<t+s An(r) dr,

where f,() and A,() ae the piecewise right continuous constant interpolations for

Te [ty -t t,, —th),
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f0@) =807 Zrgi<raa @ M(6)

and
An(@) =07 Spcicrin & [Mi(E;,0,)-M(8;)].

Let & be the linear interpolation of { éj i <j<rs—1},and £ (8 ) the corresponding piecewise
right continuous constant interpolation of {éj n<j<nyp -1}y Forte [t —t,,t,, —t,), define
the following piecewise constant interpolations:
|10@) = Srsjer ot (1 80) [MI(E5,8;) - M(E; B),8)],
|20(0) = Zngjsn i1 (31 62) [M(8 )= M(6;)],
l30(@) =80 Zngjan1 8 [M(E; (). 8)-M@)].

Then An@) = 110(@) + 120(@) + 13,() . Given A.6(b), we have
SUPo<t t +5<T rK(ItSKHSI&n(r)dr,O)eO as n— . By the continuity of M; (A.2(b)) and M
(A.6(a), and the compactness of =, K, M; and M are uniformly continuous (—rk ). Hence for any
e>0, there exists n; >0, independent of (£;(6),6 ), such that for all (£,0)e ZxK with
r=(&,Zi0))+rc(6,0)<n;, we have r¢ (Mj(&,0),Mj(E;(0),0))<el/N; for some
large integer N; > 0. Also, there exists 1 > 0 independent of 6 such that for all 8 € K with
e (6,9)<n, we have rq(M(8),M(8))<e/N, for some large integer N,>0. Let
n"=min{n,n;;n<j<r,;—-1}. Now the equicontinuity under the ry —metric of { 6"(") } implies
Assumption A.7(1), and the convergence of { 6"(:) } under the rx —metric implies A.7(2). Thus Assump-
tion A.7 applies, and there exists a 6>0 with 6<n" such that rg (éj ,0)<6 and
rs (éj ,Ej (6))<n"-35. Now since &, = 2 <i<n.,-1 8, and the convex combination operation is
continuous under the r —metric, we obtain r¢ (1;,(z),0) =0 and rg (1,4(z),0) >0 as n > e

as.—IP foral te[t,t+s). By Assumption A.2(a), we get
SUPo<t,t+s<T Tk (Jr<retss 1 1n(@) AT, 0) > 0, and SUPocyt+s< Mk (Jicretss 12,n(@) dr, 0) - 0.
Hence supo<t t+s<t Mk (Ji<ret+s An() dr,0) >0 as n > a.s. —IP . Substituting into (a.1), we get
(@2 O"(t+S)—0"(t) = fi<rerss fn@) dr + 0(1), where sUppei+s<t Fk(0(1),0)—>0 a n—oo.

Due to the uniform convergence of { 6"(*) } in [ 0, T] under the rx —metric, the left hand side of (a.2)
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goesto O(t+s)—0(t) inthe rx —metric uniformly in [0, T] as n — <. To complete the proof, we
need only show that the right hand side of (a2) goes to i< <t+s M(Q(r) )d7 inthe rg —metric uni-
formlyin [0, T] as n — . By Assumption A.2(a), it suffices to show r¢ (f,(7), M(Q(r) ))—>0 as
n—e foral re[t,t+s), whichinturnisimplied by Assumption A.6(a), and the convergence of
re (6"(r),0(t)) >0 as n— foral 7e[t,t+s). Thiscompletes (ii).

(iii) The proof is similar to BS's (1987) theorem 3.4, and KC's (1978) theorem 2.5.2.

PROOF OF THEOREM 4.1: (i) Let Q" denote the union of the set where { én } isnotin H with the
union of the exceptiona setsin A.3, B.6(c) and A.7. Fix w € Q- Q" . Given sup, Hén < B<o,and
the definition of { 6"(:) }, we get that { 6"(:) } is uniformly bounded in norm. Let ig=m(t,+t) and
is=m(t,+t+s)— 1. By the definition of 6", wehave ||6"(t+s)—6"(t)||<J; + I, + J3, where
31 =i r1giaier & | Pegy Mi(E .87,

Jp=0 8y | Pegoy Mig(E1 2 810,

33=B &, || Pegy Mis(E1, 01,11,
for some o , B € [0,1] . Again for any finite s,t> 0, A.3implies ig—ig < uniformlyin n. Since
uniformly continuous functions map bounded sets into bounded sets, and the finite union of bounded sets
is still bounded, B.2(a) and supy, Hé nll< B<w and A3 imply

|6"(t+s)-6"(t)|<D (s+aa,+PB &, )—0 a s—0 foral n large enough, where
D = sup; <j<i, SUPz e =, |0 <B | M;E , 6)].
Hence { 6"(") } is equicontinuous under the norm topology.
(ii) Sinceforeach he H andany 0<t< o,

| <6"(t), h> [ <[6"®Olh],
and

| <O"(t+s)—-0"(t), h> | <|0"(t+s)-0"(t)||/h||— O uniformlyin n as s—0,

we have that { 6"(-) } is also uniformly bounded and equicontinuous under the weak topology. Since

every set in IH of the foom {6 : |0||<B <} is compact under the weak topology, we can apply
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Ascoli - Arzela's lemma to conclude that { 6"(") } is sequentially compact. Thus, every sequence of
{6"(-) } has a convergent subsequence in the weak topology. For notational simplicity, we denote the
convergent subsequence again by { 6"(:)} and the weak limitby 6(}), i.e, <08"(t),h>—><6(t),h>
as n— o, foreach he IH. Moreover, the convergence is uniform on each compact t — set. Fix any
O0<T<ew andlet t,t+se [0, T]. Foreach he IH and for this convergent subsequence { n}, we

have
(@3) <0"(t+5)=0"(t) , h> = < T gt < <mitrtrs -1 8 Pegy Mi(E1,0) ,h>—0(D),
where Supop<ti+s<t | <0(1),h> | -0 as n— . Wechose asequence { §, > 0} such that
5,40 and 8,7t supjsna >0 asn—eo.

we select an increasing integer - valued sequence { r; } with ry=n suchthat X, <j<r,,-18 = 6n,

modulo an end value. Hence 8,7 (t -t )>1lan—ew. Let 0<§,<20,< *--<t+s bea

M+1

partition of [ 0,t + s] with equal length of subinterval &, .

Z m(ty+t) < <m(t+t+s) -1 8 Phgy Mj(§,0)
=% 80 X[ 607t Zrigjerie1 & Py Mj(&5.6;)]

=% 6p fn(@) + Zy 00 A(D) = It£1<t+s fo(r) dr + It£1<t+s An(r) dr,
where f,() and A,() ae the piecewise right continuous constant interpolations for

Te [t —th, b, —th),

f0@) =807 Zrgi<ra1 8 Prgy M(6)
and

AnT) =80t 2 qjaryaiea 3 Prg) [M(E ,éj )—M(éj )]

The equicontinuity ( under the weak topology ) of { 6"(-) } implies Assumption A.7(1); and the conver-
gence of { 6"(*) } (under the weak topology ) implies A.7(2). Thus Assumptions B.2(b), B.6(b)&(c), and

A.7imply that foreach he H,

SUPo<t t+s<T | < ficoctrs A@) dT, h> | 50 asn—w as-IP.
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Substituting into (a.3), we get that foreach he H,
(@4) <6"(t+s)—0"(t), h>= < fiqcrss fa(@) dr, h >+ 0(1),

where suppt+s<t | 0(1) | >0 as n — . Due to the uniform convergence of { 6"()} in [0, T]
under the weak topology, the left hand side of (a4) goesto <6(t+s)—0(t),h> as n— <« for each
he H. To complete the proof, we need only show that the right hand side of (a4) goes to
< ficretss M(Q(r))dr ,h> a n—ooew for each he H, and it suffices to show

an(r)—ﬁ(e(r))ueo an—o foreschre[t,t+s). Fixte [t —t,,t, —t,), andwrite

St Zriqjriirt @ Py M(8) = bin + bop + bay + by +bsy,

where
bin =811 Zrgj<rnuo1 & M(6(7))
baon =607 Zrgj<na-1 & [ Py M(6())—M(6()) 1,
ban =8 Trg<n-1 8 [ (Pig) =Py ) M(6()) 1,
ban =877 S ,1 3 Py [M(6,) = M(6@)) 1,
ben =80 Tnjsnra & Pigy [M(8;)=M(8,,)] -

Due to the uniform boundedness of { én } and Assumption B.2(a), as n — <,

MaX,<j <., [0~ 61 | < MaXesj<r, [ Zrsig @ Py Mi(E1,61))]
< Zpci<ry & SUPr<i<r . | Pray Mi(&i ,6;)[<Dx8, 0.
By the triangle inequality, Assumption B.6(a), and the fact that |Pxh—h|— 0 as k — - for any fixed
he H, weget an(r)—ﬁ(e(r))ueo as n— foreach te[t,t+s). (The proof isthe same as
Yin's (1992, pp. 371-372).) Hence the right hand side of (A.4) goes to < Ji<,<t+s M(Q(r) )dr,h> as
n — o foreach he IH. Thiscompletes (ii).
(iii) The proof is the same as that for Corollary 3.2, and is also similar to Schwartz & Berman’s (1987)

theorem 3.4, and KC’'s (1978) theorem 2.5.2.

PROOF OF THEOREMS 4.3 & 4.4: Since C.2(b) implies B.2(b), C.6(c) implies B.6(c), and C.7
implies A.7, it suffices to show that supy, Hén |< e, which inturn isequivalent to verifying the follow-

ing LemmaA.1, an extension of Yin'slemma 1 (1992, p368) to the feedback case.
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LEMMA A.1: Given Assumptions A.1, A.3,A.4,B.5, C.6, C.8 and C.9 for the Hilbert-valued TRMFP, if

either (i) C.2& A.7 or (ii) B.2(d) & C.7 hold, then Iim, T(N)=T< e as—IP.

Proof: Suppose the conclusion does not hold. Since | Py;) 81|<||@]|< B foradl j, {én} will cross the
sphere { 6 : ||@||= B} infinitely often. Given C.8 and C.9, V(0") isacompact set. C.9(d) ensures that
[VO),b]-[V@O).b] V(©") isacompact set with nonempty interior. Hence there exist positive
reds 8, and &, with [8;,8,] (V@) ,b] and 8, € V(O©"). Since [Pkpy=1]—0 as n— oo,
for any 1, >0, there exists K, > 0 such that for al j>=K,, , we have |Py;_10 -0 |<n, for all

0 € H . Define

p=min[j>K, 1 V@;)26,]; v=min[j>K, : V@;)28].
By definition, 1 <v < e amost surely. Then V(éj)e [01,0,] for je[u,v]. Hence the set
{éj :u=1<j<v} is bounded, in particular, for all je [u-1,v], Héj [€£B<B; (Suppose there
existsan j e [u-1,v] with HéjH> B, then V(éj)> b>6,> 6;, acontradiction. Choose a small
n >0 and a positive function & such that en) >0 as n—>0. Fix ny=€eMm). Define
to=0, t, =21 & for n>0, and m(i,t)=max[n>i :t,—-t;<t] if t>0 and m(i,t)=0 if

t < 0. By definition of u and the choice of 7 ,
p-1<mu-1,1)<v, 8 <VOmu1n) <
Now we show that V(é m-1,7)) < 61 to conclude the proof. By Taylor expansion, we have

VO mu-1n7) —VOu-1)=<VOu-1), [Omu-1n) —0ua] >
+ Ro(04-1, O mu-1,n) —Opu-1)
where

H R2(9/1—1 ,0 m(u-1,1) _9/1—1 ) H < constant X HQ m(u-1,n) _9/1—1 H 2 .

Since { éj :u—=1<j<v}isbounded by B, thereis no truncation from é,l_l to ém(u—l,n) , and we

have

16 mu-1.m) =0 -1 | = | Zu—1<j <smu-1.m)-1 & Piy Mj(S.0) 1l
and
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<V'(Ou-1)  Ompu-11) =Ou-1> = Tuagjemu-1n)-1 8 <V O0pu-1) » Py Mj(&;.,0)>= 11+ 1+ 13+ 14,
where

l1=% 1j<m@u-1m)1 & < V,(éy—l) : M(éy—l) >,
o =2 1q<mu-1n)-1 & < V' Ou-1) , [ Pey MOp-1) ~M@Oy-1) ] >,
la=<V'Ou-1) Zyuag<mp-1m-1 8 Prg) [Mj(§04-1) ,0,1) MO ) 1>,
l4=<V'(0u-1) s Zy-1gjem@u-1n)-1 & Pgy [Mj(E5,07) = Mj(&O0p-1) , 0,1) 1>
Since { éj :u—=1<j<v}isbounded by B, ij e 2, abounded set, B.2(a) (i.e., C.2(a)) and because a
finite union of bounded sets is a bounded set we have that sup,_1<j <m@-17)-1 Mj(éj ,éj M <eo,
given the definition of m@u-1n), so that Hém(u—l,n)_éy—le O®m). Now V'(é”_l) is compact
(hence bounded) (see, e.g., Berger, p. 91, (2.4.6)); we have |1, ||< constant xn xn, = 0(n) by C.6(a)
and a property of Py;; and |[[Iz=0@m) by C.6(c). Similiar to the proof of
16 mu-1m —Bu-1= O() . we have [6;-6,4]=0(), (hence d(8;,6,4)=0(@)), for any
je[u-1,mu-1n)-1]. This together with either C.2(b) & A.7 or B.2(a) & C.7 implies that
l14l=0(). Now CO(c) implies V@mgu-1n)-VOu1)=-10@)|+0@)+0n?). Since

V(é u-1) < 61 by definition of u , we get V(ém(u—l,n)) < ¢y, thuscompleting the proof.

PROOF OF LEMMA 5.2: Similiar to the proof of theorem A.1in KW (1994), but apply the strong law

of large numbers of corollary 3.8in CW (1994).
PROOF OF LEMMA 5.3: Similiar to the proof of lemmaA.2 in KW (1994), but using different metrics.

LEMMA A.2: Given Assumptions D.1, D.4(a)&(c), recursively define £,+10) =pn(En@) .0 , Zn+1)
for any constant sequence {0} with 6 H and al n=0,1,2,... Then for any HQHS§<<><>,

{&,0);n=0,1,2,..} isasequence of bounded L,(Z) —NED functionson{ D, } of size— 1/2.

Proof: This is a Hilbert space version of KW'’s (1994) proposition 4.4. Their proof goes through here

after proper trandation.

PROOF OF LEMMA 5.5: For any fixed 6 € IH with |0 < B, Given Assumptions D.1, D.4(a)&(c),

{&,0);n=0,1,2,..} isasequence of bounded L,(Z) -NED functionson{ D, } of size—1/2. By the
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minimun mean squared error property and Assumption D.2(b), we have

H IDk(n) Mn(gn(e) ,0 ) - E[ I:)k(n) Mn(gn(e) ,0 ) | Fﬂtm] H 2
SH IDk(n) Mn(gn(e) ,0 ) - IDk(n) Mn( E[gn(e) | Fﬂtm] ,0 )H 2
<C3n[&n@) - E[£n®) | Falm1ll2 -
Hence for each fixed 6 with HQHSE, { Py Mn(&£n(0) ,6);n=0,1,2,...} is a sequence of Ly(H) -
NED functions on { D} with ¢, = O(c3,) andsize—1/2. Now CW’s (1994) lemma 4.3 implies that,
for each 6 e H, { Pgu Mn(&n©0).0)—E[ Py Ma(£n@),0)]1;n=0,1,...} is a Ly(H)—- mix-

ingale with ¢, = O(c3pn) and size-1/2. Hence Assumption D.6(c) is satisfied given D.3.
PROOF OF COROLLARY 5.6: Thisdirectly follows from Theorem 4.4, Lemmas 5.2, 5.3 and 5.5.

PROOF OF PROPOSITION 6.1: It is obvious that Assumption D.1(a) is satisfied by
G=[-11] x[l4,l5], and D.1(b) is satisfied given (6.1.2) and the conditionson { u; }. Given the condi-
tions, we have that = is a compact subset of IR?>. Foreach t, any (¢,0),(& ,0 )e Ex H with
|6]|<B, |6 |<B, thetriangleinequdity gives |[M(&,0)-M(E ,0 )|<Iy+1,, where
L= [h] ™ K((-=&1) ) [(52-6)-(E2-8)]];
L= [h] ™ [K((-=81)/h)=K((-=&1)/ )] (£2-0)]

Now

12 <R K- =€) Th) [1211(62-82) - (6-8)?
= [hd™ ey [K(y =Ea W) 1P dy x[[(§2-82) - (6 -0 ) ||?
<[] Cl(§2-&2)-(6-8)]?,

where the last inequality is due to (6.1.3). By the triangle inequality, we get

I <[hd™ Ci[1&-E2 | +]6-8 1.

12 < T TK(C=&1) The) = K=& 1) 1) 112§ -8 |12
<[] [C2l? 161-&1 IPx[Ca+ BI?.

Hence 1,<[h]™?C, [£1-&1 | [Cs+ B]. Weget
IM(&,6)-M(E 8 )|<smax([h] ™ Cy,[h]2C[Ca+B], 1)x[IE-E[=+]6-6].

So for each t, M, is Lipschitz continuouson Zx{ 6 :||0[|<B}, thusit is uniformly continuous on
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Ex{0:|0]<B}. Fromthe formof M, itisobvious that itisweakly sequentially continous, hence
Assumption D.2(a) (i.e., B.2) is satisfied. From the above proof, we aso have: for any & ,& € =,

lel<B,
[Me(&,6)=M(& ,0)|<max ([h]™>Cy, [h]?Ca[Ca+BI)x[§-E =

Given (6.1.4), we can set c3; = O( [h]™?), and Assumption D.2(b) is satisfied. Assumption D.3 is
satisfied given (6.1.4) and a = (t+1)?. Since p;(§,9,2)= (Prt.p2t), P1i($.0,2)=2,, and
p2t(§.0,2)=a(z;)+ bO(z,)+2z,, Assumptions D.4(a)&(b)&(c) are satisfied with co=0,
ci=b,and cg=max(c,, Cy,1) respectively, where c, is the Lipschitz constant for function a
and cy the Lipschitz constant for Lipschitz continuous function 6 . Note that given conditions (6.1.3),
(6.1.6), and the definition of { ét }, we have the Lipschitz continuity of 6 in p(&,0,z) . Assumption B.5
isdirectly assumed by (6.1.6). Since{ X; } and{ u; } areindependent and E[ u; ] = 0, we have

E[M(&:6),6())1=E[ ()™ K((-=&1)/h) (§20-6())]

=E[ () K((=X)/h)[a(X)+bo(%)-6()]]
= Jeoy () K(C-y) /) [aly) + boy)-0() ] f (y) dy

=JK(n)[a(-+nh)+bo(-+nh)-6(:)]f(+nh)dy.
Under Conditions (6.1.1), (6.1.3) - (6.1.6), and the construction of { ét }, theorem 2.1.1 in Rao (1983)
implies

lime oo SUpxe-1,17 | E[Mi(E:0) ,0(x))]-[a(x)+ bO(X)-0(x)]f(x) | =0.

Hence

limeo [E[M(&:0) . 6())]1-[a()~(1-b)6()1f()|*=0.
Set M(B(-)) =[a()-(1-b)O()] f("); then Assumption D.6(a) is satisfied. Moreover, C.8 is satisfied
with © = {0 e Lo(IR): M(B) =0} ={06,=a()/(1-b)}. Defineafunctiona V: Ly(IR)— IR as
V(@) =]6-6,]%. It is easy to see that Assumptions C.9 (a),(b)&(d) are satisfied, since with
f>0ae, 1-b>0, wehave

<V (@), MO >=<2[0-6,],f[1-b][6,-6]><0, foral 06, :

hence C.9(c) is satisfied. The result now follows from Corollary 5.6 and Remark 4.5.
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PROOF OF PROPOSITION 6.2: Assumption D.1 is directly given by (6.2.1). By definition, Z is

bounded and ||6|=1. Foreach (¢,0) and (& ,8 ), wehave

M((E,0(-))-M(& ,8())=l1+ 1+ 13+ 14+ 15,
where

11=QE) [ ™ [K((-=&1) /) =K((-=&1)/h);
12=[QE)-QE) I ™ K((-=&1)/h);
l3=—=[6(")=8(-)1QE) [N ™ foy K((y—=&1)/h)dy;
la==8() Q&) [hd™ oy [K((y-&§1)/h)-K((y-&1)/h)]dy;
l5==6()[QE)-QE) 1™ oy K((y-&1)/h)dy.

Given (6.2.2) - (6.2.4),and |6 |= 1 by definition, we have
M1 181-&1 IxO([h]2);  [12]<[E-& [=xO([h]™?);

I15]<[6-6 [[xO(1); [l4]<O([N]™?); and|ls]<[[&-&[lzxO(1).
Hence

IMe(&,6())-M(&,8(-))I<O([h?)x[IE-E |=+]6-8]1,

so M, isLipschitz continuous for each t, thus Assumption D.2(a) is satisfied. It isalso clear that D.2(b)

is satisfied with c3, = O([h]2) . Sinceby (6.2.2), (6.2.3),

t
(a )™= Joy So(y) dy + _ZOQ(gl,j &2) Joy K((y=&1j) /) ] dy=0(t+1) as-IP,
J:

Assumption D.3 is satisfied given (6.24). Since &3;=% and &,;=2Z, we have
P[E1e<x[&71,0',Z]=Jox 0u(y) dy . We can define p = (p1,p2) with pp(&,6,2)=2z,
and IP[p1(& ,9,2)Sx]=I[oyx] 6(y)dy. Then Assumptions D.4(a)&(b)&(c) are satisfied with
Co=0, c1=1, ¢, =1 respectively. Assumption B.5isdirectly assumed. Forany x € [0,1] and for
any fixed 6(), since x isindependent of {Z;}, wehave E[ M;(&;,6(x))]=

E[ Q2(Z) 1% (E[ Qa(x) K((x=%)/he) (™ 1-6(x) fjo.1y E[ Qu(%) K((y—x%)/h) [h] ™ 1dy).

Since Q; and 6 arecontinuous on [0,1] , given (6.2.3) and Rao's (1983) theorem 2.1.1, we have

limp, 0 E[ Q1) K((x =% )/h) [h]™]=
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Jog Quy) K((x-y)/h) [h]™6(y) dy = Q1(x)6(x) uniformly inxe [0,1] .
Since E[ Qx(Z)] isthesameforal t and E[Q(-,Z)]= Q1()xXE[ Q2(Z) ], there exists a func-
tion M : L,[0,1] — L,[0,1]

M@©()) = 6() E[ Q(-Z) - Jio.1; Q(5.Z) 6(s) ds] ,
such that

lim .. |E[ Mi(&:(6),6())1-M(6(+))]= 0,

hence Assumption D.6(a) is satisfied. D.6(b) is clearly satisfied. Now Corollary 5.6 and supHét =1

implies that ét — O amost surely in the weak topology as t — oo .

PROOF OF PROPOSITION 6.3: Assumption D.1 is directly assumed by (6.3.3). Given
M; =&£1(0) -6, D.2(a)&(b) are clearly satisfied with ¢3¢ = 1. Assumption D.3 is then satisfied with
a = (t+1)"1. Given (6.32) and 8,4, =, + (t+1)1 [%t ~8,], toshow {8} isan increasing con-
cave sequence almost surely, it suffices to show that :

ét(s) =Bmax[U(c)+ ét( Z;s—¢ )] isincreasing and concave amost surely, given that both U (*)
and 6,() are increasing and concave. Given (6.3.1) - (6.3.3), th(s) =B[U(c)+0(Zs—c)],
where ¢, solves the equation U'(c; )=8;(Zs—c; ). Assumption D.4(a)&(b) are satisfied with
co=0, c;=B. Sincedé /dZ=BsO (Zs-c" ), Assumption D.4(c) is satisfied too. B.5 is directly
assumed. Now for each fixed 6, M, (£:(0),0)=¢&:(0) -6 . Given (6.3.3), we have {&:(0)} isani.i.d
sequence, E[ M; (£:0),0)]=E[&:(0)]-6 > W -6, where W= lim;_,., E;[£:(0)] is defined as
W(S)=BE[U®G)+6(Zs-¢)], and U(T)=6 (Zs-C). Hence we take M@©O) =W-6 .
Given (6.3.1) and (6.3.3) and that 6 belongs to the set of twice continuous differentiable, increasing, and
concave functions, it is obvious that M satisfies D.6(a)&(b). Assumption C.8 is satisfied with
0 ={6: MB)=0} ={6=W}. C9 is satisfied with V(0)=]6 - W|?. Hence the result follows

from Corollary 5.6.

PROOF OF PROPOSITION 6.4: Since Z is uniformly bounded in t, there exits G, a norm-
bounded convex subset of IR?, containing the support of Z for all t, so that Assumption D.1(a) is

satisfied. Assumption D.1(b) isgiven by (6.4.2). Forany (£,0),(€ ,0 )e Zx H, wehave
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IM((E,0)=M(E ,0)[?2=[M14(E,0)-My(E,8 )2+ Mo (E,0)-Ma(E,8)|2=11+1;.

By the triangle inequality and then the Lipschitz continuity of K, assumed in (6.4.3), we get

1<y 2 Ke((=&2) The )= Ka((-=&2)  hy )12 +[61 -6
= [h1 7 o [ Ka( (x=E2)/h1y ) = Ki((x=E 2)/h1g )12 dx + 01— 8 12
<[hy ™ Ca® [&2-85 |2+ 6,647,
Similiarly we get

lp<[hpt] #C% [E1-E1 |2+ [02-0,]2.

Denote c3; = max (Cy [h1] 2, Cy[hy] ) ; then

IM(§,60)-M(& ,0)|*<cs|E-E ||*+]6-8 7.
Hence

IMe(&,6)~M(&,8)|smax(cae, 1) 6~ [|*+]6 8% .

Hence for each t, the mapping M, : E x IH — IH is Lipschitz continuous, thus is uniformly continous.
Given the form of M,, it is clearly weakly sequentialy continuous, too. Thus, Assumption D.2(a)
(i.e(B.2)) issatisfied. Now for each fixed 8 € H, takeany & , & € Z; wealso get from the above that
IM{(E,0)-M(& ,0)|<cz]E-& |z, and we have that Assumption D.2(b) is satisfied. Since
a = (t+1)1, given (6.4.4), c3a = O ((t+1)?*1) for some 0< §< 14, thus Assumption D.3 is
satisfied. Since p(&,0,2) = -[[0,1] X0(x) dx—z, Assumptions D.4(a, b, ¢) are satisfied with cg =0,
c1=1 and co,=1 respectively. Assumption A5 is directly assumed. For each fixed
6 € Lo([0,1]) x L2([0,1])

E[My(£6).0)1=E[(hy) " Ke((=&210))/ h1)]1-610,
and

E[M2:(5:6),6)]1=E[(ha) ™ Ko (+=&11(0) )/ D2t )] -62 .

Under Conditions (6.4.1), (6.4.3) and (6.4.4), theorem 2.1.1in Rao (1983) implies

iMoo SUPefo,yy | E [ (hy,)™ Ki((x=&2¢6)) /1)1 -f2(x) | = 0.
Hence

M |E[M1¢(E:0) ,0) ] = (f2—-612)]|
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= (o [Nimeee E [ (ha)™ Ka((x=&2:(60))/ h1e) 1= F2(x) 1 2 dx) Y2 = 0.

Hence limi.. E[M1:(&:0).,0)]=f,—-61, in the norm topology. Similarly we have

iMoo E[ M((£(6),6)]= f1—65 innorm. Thus Assumption D.6(a) is satisfied with
M @)= (M1(8) , M»(0))= (fr—01r, f1—01)= (f2,11)-6 .
Itisobviousthat M satisfies D.6(b). Since
0" ={6¢e Ly([01])x Lo([0.1]): M@)=0}={0,=(f2,f1)},

C.8 is satisfied. If we define a functional V : L»([0,1]) x L»([0,1]) = IR as V() =||6 —6,|?, again

we see that C.9 is satisfied. Hence the result follows from Corollary 5.6 and Remark 4.5.
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