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CONSISTENT SPECIFICATION TESTING VIA
NONPARAMETRIC SERIES REGRESSION

BY YONGMIAO HONG AND HALBERT WHITE!

This paper proposes two consistent one-sided specification tests for parametric regres-
sion models, one based on the sample covariance between the residual from the paramet-
ric model and the discrepancy between the parametric and nonparametric fitted values;
the other based on the difference in sums of squared residuals between the parametric
and nonparametric models. We estimate the nonparametric model by series regression.
The new test statistics converge in distribution to a unit normal under correct specifica-
tion and grow to infinity faster than the parametric rate (n~'/?) under misspecification,
while avoiding weighting, sample splitting, and non-nested testing procedures used else-
where in the literature. Asymptotically, our tests can be viewed as a test of the joint
hypothesis that the true parameters of a series regression model are zero, where the
dependent variable is the residual from the parametric model, and the series terms are
functions of the explanatory variables, chosen so as to support nonparametric estimation
of a conditional expectation. We specifically consider Fourier series and regression
splines, and present a Monte Carlo study of the finite sample performance of the new
tests in comparison to consistent tests of Bierens (1990), Eubank and Spiegelman (1990),
Jayasuriya (1990), Wooldridge (1992), and Yatchew (1992); the results show the new tests
have good power, performing quite well in some situations. We suggest a joint Bonferroni
procedure that combines a new test with those of Bierens and Wooldridge to capture the
best features of the three approaches.

KEYWORDS: Asymptotic normality for generalized quadratic forms, consistent testing,
Fourier series, specification testing, regression splines.

1. INTRODUCTION

NoOT LONG AFTER HAUSMAN’S (1978) landmark work on specification testing,
Holly (1982) pointed out that Hausman’s test fails to have unit power asymptoti-
cally against a range of misspecifications of potential concern in the regression
context. Beginning with Bierens (1982), numerous authors have devoted atten-
tion to this problem by constructing consistent (asymptotic unit power) tests for
misspecification. Particularly relevant is work of Bierens (1990), Eubank and
Spiegelman (1990), Gozalo (1993), Lee (1988), Wooldridge (1992), and Yatchew
(1992).

In this paper we continue this effort by proposing two new consistent
one-sided specification tests for parametric regression models, one based on the
sample covariance between the residual from the parametric model and the
discrepancy between the parametric and nonparametric fitted values, and the
other based on the difference in sums of squared residuals between the
parametric and nonparametric models. Under correct specification, these two
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statistics vanish faster than the parametric (n!/?) rate, so a standard n'/?-nor-
malization leads to degenerate test statistics. With appropriate standardization,
our test statistics converge in distribution to a unit normal under correct
specification and grow to infinity faster than the parametric rate under misspeci-
fication, while avoiding weighting, sample-splitting, and non-nested testing pro-
cedures previously used to handle the degeneracy. We estimate the nonparamet-
ric model by series regressions, specifically Fourier series and regression splines.
Asymptotically, our tests can be viewed as a test of the joint hypothesis that the
“true parameters” of a series regression model are zero, where the dependent
variable is the residual from the parametric model, and the series terms are
functions of the explanatory variables, chosen so as to support nonparametric
estimation of a conditional expectation. We present a Monte Carlo study
comparing the finite sample performance of the new tests to tests of Bierens
(1990), Eubank and Spiegelman (1990), Jayasuriya (1990), Wooldridge (1992),
and Yatchew (1992); the results show that the new tests have good power,
performing quite well in some situations. We suggest a joint Bonferroni proce-
dure that combines our tests with those of Bierens and Wooldridge to capture
the best features of the three approaches.

2. HEURISTICS

Let {Z,=(X],Y,) €R?"!}"_, be a sequence of i.i.d. random vectors with
E|Y,| < e. Then there exists a measurable function 6, such that 6,(X,) = E(Y,|.X,)
a.s. A standard procedure to approximate 6, is to specify a parametric regres-
sion model, with typical element f(-, «), « € A4, where A is a subset of a finite
dimensional Euclidean space. We are interested in testing whether the model is
correctly specified for 6,, as embodied by the null hypothesis

H,:Pl[f(X,,a,)=6,(X)]=1 forsome o, €A.
The global alternative hypothesis is
H,: Plf(X,,a) #60,(X,)]>0 forall a€A.

Our concern here is consistent specification testing for H, against H,, i.e.
testing procedures that will reject H, with asymptotic unit power whenever H,
is false.

Let &, denote an estimator consistent for «, under H,; for example, &,
could be the nonlinear least squares estimator, solving

n
. _ 2
ming . ,n” " XY, —f(X,, )}
=1
We denote the fitted value f:,,zf(X,, a,) and the residual &, =Y, —f A
standard approach to specification testing is to regress &,, on certain functions
of the conditioning variables X, to see if these additional regressors have any
explanatory power. Under H,, they should have no such power; a joint F test
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(asymptotically x2) can be conducted to check this. If these additional regres-
sors do exhibit statistically significant explanatory power, one has evidence of
misspecification. However, such an F test will miss alternatives orthogonal to
these additional regressors and is thus not consistent against H,.

We are motivated by the fact that in the presence of misspecification, the
function of the conditioning variables most highly correlated with the regression
error ¢, =Y, — f(X,, a*) is the specification error v, = 6,(X,) — f(X,, a*), where
a* is the probability limit of &,. Because E{v, &} =E(6,(X) —f(X, a*)}* =0 if
and only if H, holds, a consistent test against H, can be based on the sample
covariance

n
A -1 A A
m,=n Z Vit Ent >
=1
where 7, = 6,(X,) —f,, and 6, is an appropriate nonparametric estimator of

6,. Various nonparametric estimators can be used. For example, 6, can be the
ordinary least squares series estimator, solving

mingc o 7' ¥ (¥, - 0(X)),

t=1

with

@,,={0:IR"—+IR

p’l
0(x) =) By(x), B;€Rand y: R¢ - R},
=

where {y;} is a sequence of basis functions, and p, is the dimension of 6,
chosen to grow at an appropriate rate with the sample size n. For concreteness,
we focus our attention on use of Fourier series, Gallant’s (1981) flexible Fourier
form (FFF), Eubank and Speckman’s (1990) polynomial-trigonometric series,
and regression splines. R

The challenge raised by considering 1, is that for the estimators 6, of
interest to us, the usual standardization by n!/? is inappropriate: n'/*sm,
vanishes in probability under H,, a type of degeneracy. To avoid this degener-
acy, Wooldridge (1992), who also considers tests based on m,,, requires that the
nonparametric model delivering 6, be incapable of nesting the parametric
model, thereby inducing sufficiently slow convergence for 6, to 6,. Heuristically,
under H,, i, can be decomposed into two dominant conflicting effects: a
variance effect and a bias effect. For each sample size n, the variance diverges
as p, increases, while the bias converges to zero as p, increases. The non-nested
approach of Wooldridge (1992) uses the bias to determine the limit distribution
by controlling the variance so as to be negligible. This requires a slow growth of
p, and excludes the possibility of nesting the parametric model in 6),. Otherwise,
the variance will dominate the bias, leading to overrejection of H,.

A central contribution of the present work is to demonstrate that exploiting
rather than avoiding the rapid convergence of 7, to zero under H, leads to
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statistics that diverge more rapidly under H,, with the consequent possibility of
obtaining tests with better power. Our approach is to use the variance to
determine the limit distribution by controlling the bias so as to be negligible.
This is always possible by letting p, grow quickly or by nesting the parametric
model in 6,. Consequently, we can use straightforward choices for 6, without
having to worry about their relationship to the parametric model.

Although our approach can be applied in the presence of heteroskedastic
regression errors (see Theorem A.3 in the Appendix), we focus on testing H,
under homoskedasticity (i.e. E(g2|X,) = 0% a.s.) in order to keep our presenta-
tion succinct. Specifically, we prove that M, % N(0,1) under H,, where

QD M, =,/ -p)/2p)"
where G2 is a variance estimator such as n'L"_,82. The form taken by M,
can be understood heuristically by considering that ns, /5,2 behaves asymptoti-
cally like a szn statistic. Standardization toward normality involves subtracting
the mean p, and dividing by the standard deviation (2p,)"/?. As p, — =, the
standardized quantity becomes more nearly normal. (Our proofs, however, do
not rely on this heuristic, as it is a bit too simplistic.)
_ To get some idea of the behavior of M, under H,, consider the case in which
6, is obtained using Gallant’s (1981) FFF. In this case a permissible choice is
D, = In(n). (See Theorem 3.2 below.) Because 7, tends to a positive constant
under H,, M, behaves approximately like Cn/(In(n))"/?, where C is some
constant. In contrast, Wooldridge’s statistic behaves approximately like C'n'/?,
for a different constant C'. Thus, M, diverges under H, at a rate nearly the
square of that of Wooldridge’s statistic.

Our second test is closely related to those of Lee (1988) and Yatchew (1992),
who consider basing specification testing on

n n
- -1 A2 -1 )
m,=n Z ne — 1 Z nt»
t=1 t=1

where #,,=Y,—6,(X,) is the residual from the nonparametric estimation.
Under H,, m, converges to zero, while it will tend to a positive limit under H,,,
as the first term will include the specification error. Like #1,, n'/?m, also
vanishes in probability. Lee (1988) reweights %2, to avoid this degeneracy. Such a
weighting device is sensitive to heteroskedasticity, as the test may reject H,
under heteroskedasticity even when H, is true. Alternatively, Yatchew (1992)
proposes splitting the sample into two independent subsets, with the first subset
used to estimate the parametric model and the second subset to estimate the
nonparametric model. This approach is also used by Whang and Andrews (1993,
Section 5) in testing semiparametric models. As pointed out by Wooldridge
(1992), sample-splitting is rather costly.

Because we view degeneracy as a virtue rather than a vice, we obtain a viable
test statistic by finding the proper standardization for 7, instead of by modify-



