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In Davidson and MacKinnon (1981), two of the present authors proposed a novel and very
simple procedure for testing the specification of a nonlinear regression model against the
evidence provided by a non-nested alternative. In this paper we extend their results in several
directions. First, we relax a number of the assumptions of the previous paper; we admit the
possibility that the nonlinear regression functions may depend on lagged dependent variables,
and we do not require that the error terms be normally distributed. Second., we show how the
earlier procedure may straightforwardly be generalized to the case where the two non-nested
models involve different transformations of the dependent variable. Finally, we propose a simple
procedure for testing non-nested linear regression models which have endogenous variables on
the right-hand side, and have therefore been estimated by two-stage least squares.

1. Introduction

In recent years several procedures have been proposed for testing the
specification of a nonlinear regression model against the evidence provided
by a non-nested alternative hypothesis. The first such tests were due to
Pesaran (1974) and Pesaran and Deaton (1978), and were explicitly based on
the classic work of Cox (1961, 1962). More recently, Davidson and
MacKinnon (1981) proposed much simpler procedures based on artificial
regression models, and showed the resulting tests are asymptotically
equivalent to Cox tests. Indeed, White (1982) has shown that if one
implements the Cox test in a straightforward fashion, one of the procedures
of Davidson and MacKinnon is obtained directly. For a survey of this
material, see MacKinnon (1982).
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In this paper we extend the results of Davidson and MacKinnon (1981),
hereafter referred to as DM, in several directions. Most importantly, we relax
the relatively restrictive assumptions of that paper. In particular, we allow
the nonlinear regression functions to depend on lagged dependent variables,
and we do not require that the error terms be normally distributed. In
addition, we show how one of the procedures of DM may straightforwardly
be generalized to the case where the two non-nested models involve different
transformations of the dependent variable. Finally, we propose a simple
procedure for testing non-nested linear regression models which have been
estimated by two-stage least squares. This is also a straightforward
generalization of one of the procedures suggested by DM.

2. The J test, the P test and an extension

DM considered the following situation. The hypothesis to be tested is a
single-equation, possibly nonlinear regression model,

HO:ytx./;(thﬁ)+80n (1)
and the alternative model is
Hl Iy,=g,(Z,, }’)+511- (2)

Here X, and Z, represent the tth observations on vectors of exogenous
variables, where the index ¢ runs from 1 to n, f§ and y arc respectively a
k-vector and an [-vector of parameters to be estimated, and ¢ is assumed to
be NID(0,07) if H; actually generated the data. There are certain further
technical assumptions, which are stated in DM (pp. 784-785). In section 3
below we will substantially weaken the assumptions just stated on H, and
H ; for the moment, however, we will retain those of DM.
All of the tests in DM are based on the artificial compound model

Hc:yl_——(l _a)fr(Xv ﬂ)'*'agr(zn }’)+5r (3)

By itself this model is not very useful, since a, f and y will generally not be
identifiable. DM therefore suggested that y be replaced by 7, its least squares
estimate, and showed that the t-statistic on & is asymptotically N(0, 1) when
H, is true. They called this test the J test, because « and f are estimated
jointly.

The J test is clearly extremely easy to perform so long as H is a linear
regression model (see section 4 below). However, when H, is nonlinear, so is
the J test regression. To avoid the computational problems this may cause,
DM suggested that this regression be linearized about the point (f=h, a=0),
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to yield

y,—ﬁ=a(§,—fD+F,b+8,, 4)

where F, is row vector containing the derivatives of f, with respect to f,
evaluated at f, and b is a vector of regression coefficients. It is easy to see
that the ¢-statistic on & from (4) is

y=NTMoE~ (g~ NTMoE~ N, ()

where y, f and g are vectors whose tth components are y, f, and g,
respectively, ¢ is the estimated standard error from (4), and

Mo=1—-F(FTF)™'F7, (6)

where F is the matrix whose tth row is F,.

Under the assumptions of DM, it is fairly easy to show that under H, (5)
tends in probability to

agMo(g—f)/ao((g—f)TMo(g—f))*, (7)

where quantities without hats are evaluated at f,, the true value of f, or at
0. the plim of § under H,. It is obvious that (7) is N(0, 1). Because of thc
role played by the projection matrix M, in (5), DM called the test based on
(4) the P test.

In many applied cases, alternative non-nested models will utilize different
transformations of the dependent variable. For example, the regressand
might be logy,, expy, yf or W,y, where W, is some exogenous variable. The
P test as derived above cannot be applied to such cases. Let us therefore
consider the situation where H, is still given by eq. (1), but the alternative
model is now

H:h(y)=g/(Z,7)+¢e, (8)

where h(:) may be any monotonic, continuously differentiable function
which does not depend on any unknown parameters. There is obviously no
loss of generality in assuming that y, itself appears on the left-hand side of
(1), since y, can always be redefined appropriately.

Now consider the artificial compound model

H (1 —a)(y,— f(B) +alh(y) — (7)) =&, %)
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where the dependence of f;, and g, on X, and Z, has been suppressed for
notational convenience. If y were replaced by 7 this model could presumably
be estimated to yield some sort of J test, but a highly nonlinear maximum
likelihood procedure would have to be used, since the loglikelihood function
would contain a Jacobian term as well as a sum of squares term. Simply
taking a Taylor series approximation around (8= B, a=0), as in the P test,
will not yield a valid test, however. The derivative of the left-hand side of (9)
with respect to o, evaluated at (B,0), is

—yt+ﬁ+hl(yt)_gt’ (10)

so that a straightforward P test regression would have terms involving y, on
the right-hand side. But this problem can be avoided if we replace y, by f;
whenever it appears on the right-hand side, an idea which was utilized in a
related context by Andrews (1971). Following this procedure, we obtain the
artificial regression

yt“ﬂza(gt“ht(ﬁ)+ﬁtb+st’ (11)

which is a rather elementary generalization of the P test regression (4). We
shall therefore refer to this procedure as the extended P test or Pg test.

The principal merit of the Py test is simplicity; it certainly cannot be
expected to have any optimality properties. This is so for two reasons. First,
the Py test is not a Lagrange Multiplier test based on the compound model
(9) with y replaced by j, and can therefore be expected to have less power
than LM, Wald or LR tests based thereon. Secondly, the artificial compound
model (9) is not equivalent to an exponential combination of the likelihood
functions corresponding to H, and H;, so that LM, Wald and LR tests
based on H, will not be asymptotically equivalent to Cox tests [see Atkinson
(1970)]. Thus the Py test is two steps removed from a Cox test. However, our
experience with the test suggests that it often has plenty of power in applied
situations, so that its theoretical deficiencies may be of small consequence to
applied workers who find its simplicity appealing.

3. Validity of the tests under weak conditions

In this section we prove that the P and Pg tests are valid under much
weaker conditions than those imposed by DM. We make extensive use of the
following martingale central limit theorem, for which we provide a proof in
the appendix. This theorem is very useful for many econometric applications.

Theorem 1. Define Qu=(Qu1s---0n,) and let {Q,} and {e} be 1xp and
1 x 1 stochastic processes such that, for each n2=1,
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(al) E(QZ;SI|QZ:t—18t—1""7 QZ-OSO)=O7 t=13~'°’ n,

(@2)  E(|6?QuiQuj' T)<d<o0, forsome §>0, ij=1,...p,

and all t=1,..,n,
(a.3)  var (n'* D Q,T,e,)=1p,
t=1

(@4  m 'Y 0n0n—E(E?QnQn) D0 as nzm—co.
=1

n~tY QLe ~N(0,1,).
t=1

We are now ready to state formally the assumptions we shall need. We are
interested in hypotheses about

E(yrlyt—hy:—z""; VVMVV;-I"")v (12)

where y, denotes the tth observation on a dependent variable and W, denotes
the rth vector of observations on exogenous variables. Thus (12) is just thc
mecan of y, conditional on its own past and on the past and present of W,; we
may write it more compactly as E(y,].%_,), where %, is the o-algebra
generated by (y,- 1, ¥-2,-- W,W,_,,...). The hypothesis we wish to test is
that

HOIE(}/‘,I?—,)=]’,(X,,,B), (13)

where X, denotes a vector of m, elements, selected from some of the y,_;’s
(i=1) and some of the W,_;’s (i=0). An alternative hypothesis is that

Hl :E(hz(.vt) l 3‘—')=gt(Z" y)9 (14)
where h,(y,) is a known function of y, and Z, denotes another vector of m,
elements including some of the y,_’s and some of the W,_/s. The

assumptions we shall require are extensions of those introduced by
Domowitz and White (1982):

(A E(n|#)=fX, Bo),

E((y,— X0 Bo))* | Xy Z) =3
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We may denote y,—f(X,,B,) as ¢, dropping the zero subscript for
convenience.

(A2)

(A4)

(A7)

(a) There exist domains X <R™ and Z<R™ such that, for each x
in X or z in Z, f(x, ) and g,(z,y) are continuous functions of § or y
uniformly in ¢ almost surely, and measurable functions of x or z for
each B in B or y in I'; B and I' are compact subsets of R* or R/,
where k and [ are finite.

(b) h,(y) is monotonic and continuously differentiable in y.
@ {0—fiX,B)?*} and {(h(y)—g(Z,7))*} are dominated by
uniformly (r, + d)-integrable functions, r; 21, 0<0 <r,.

) {h(fi(X,, B)—gdZ, y))z} is dominated by uniformly (r,+9)-
integrable functions, r; 21, 0<6 <.

Define
TE=(1/n) 3 By X, B (15)
Fra=(1/n) 3. B(h3)—8dZ0 1) (16)

Let B, and 3} be identifiably unique minimizers of 63, and d1,,
respectively, such that f, is interior to B and y; is interior to I’
uniformly in n.

fix,B) and g,(z,7) are twice continuously differentiable in § or y
uniformly in t a.s.

{l0— fiUX0 B)OSUX,, BY/OBT*} and {[(h(y)— 82, V)08 Z,7)/0y]"}

are dominated by uniformly r,-integrable functions, r,>1, i=1,...,k
ori=1,..,L

Define

BY,=var [n“* bl (—2(h,(y,>—g,(z,,y)))vyg,] (17)

t=a+1

where V,g, is the Ix 1 vector with elements 0g,(Z,,7)/dy;, i=1,...1.
Let there exist an [x[ matrix B? such that detB?>0 and ATB? /A
—ATB9,—0 as n—oo uniformly in a for all real non-zero [x1
vectors A.
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(A8) () {(@f(X. B/OBIOS(X. BIOB)—(y— (X, BNO*f(X. B)/OB:OB;}
and {(agr(Zn '}’)/ayi)(agt(zn y)/ay,-) - (ht(yt) _gt(Zta y))azg,(Z,, 7)/8%6'}’;'}
are dominated by uniformly (r,+ 9)-integrable functions, r, 21,
0<o=ry, i, j=1,..., k().

(b) {(@h(f(X,, B))/3y)*} is dominated by uniformly (r, + 6)-integrable
functions, r; 21, 0<d=r,.

(©) {@f(X,B)/3B)*} and {(3g(Z,y)/0y)*} are dominated by
uniformly (r, + d)-integrable functions, r; =21, 0<dé=r,, i=1,.., k().

(A9)  The Hessian matrices V?¢3,(8) and V%6?%,(y) have constant rank in
some open neighborhood of B, or y¥ for all n sufficiently large,
uniformly in n.

(A10) There exists 6>0 and A<oo such that Elef|'**<4 and E|(h(y)
—8(Zo 7' TP = 4 for all ¢.

(A11) The random vectors {y,X,Z,} are either (a) ¢-mixing of size
ry/(r,—1) or (b) o-mixing of size max[r/(r,—1), ry/(r;—1)],
r,,r,>1, where the mixing coefficients are defined with respect to
the g-algebras generated by (y,, X, Z,).

We remark that conditions A2(b), A3(b) and A8(b) are always satisfied when
h,(y)=y. Conditions A1-A4 and A1l ensure the consistency of f, for B, and
9, for y¥. Conditions A1-A8(b), A9 and A1l ensure the asymptotic normality
of /n(f,—B,) and \/;()3,,—}),1‘). Conditions A8(c) and Al10 are additional
conditions needed to ensure the asymptotic normality of the P test statistic.
For more details on the mixing conditions of A1l and the definitions of
identifiable uniqueness and uniform (r,+J)-integrability, see White and
Domowitz (1981) and Domowitz and White (1982). For a discussion of the
interpretation of these conditions in the context of misspecified nonlinear
regression models, see Domowitz and White (1982).

We are now ready to prove that the P and P test statistics are
asymptotically distributed as N(0, 1) under H,. We begin by considering the
simpler case of the P test.

Theorem 2. Under assumptions AI-All,

(y—=T"Mo(g— NG~ )Mol — N AN, 1),
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provided that for some ¢>0 and all n sufficiently large

a3E((g— f)(g— )M —E(g— ) F/WE(FTF/n)”'E(F" (g — f)/n)

=arzc. (18)

Condition (18) ensures that n~* times the numerator of the statistic does not
- have a degenerate distribution. This condition is an extremely important one,
and it can be violated in certain unusual cases. In particular, if the H, and
H, models are orthogonal, so that E(F TG/n) is a zero matrix, condition (18)
will not be satisfied. Thus we are explicitly ruling out this and certain other
even more unusual cases; see DM, footnote 3. For further discussion, see
Aguirre-Torres and Gallant (1982).

Proof. Consider first the numerator of the test statistic. The first-order
conditions for nonlinear least squares estimation ensure that (y— f)"F =0, so
that

=N MoE - =n" - NTE— 1)
=7 3. (=D~ (19)

By the mean value theorem of Jennrich (1969, lemma 3), given A4 and A5,
the right-hand side of expression (19) is equal to

EDNORTHCET RN WAL NC D

t=1

-t 3 O PR/ Ba= B+ 3 0= T /aG = (20)

t=1

where f:):f;(Xn Bo), gr=glZ, Yad ]::f;(X” B—n)’ &:=8(Z:7,), and Vf; and Vg,
are row vectors whose ith clements are respectively df(X,, B)/dB; and
0g(Z,,7)/dy; evaluated at B, and 7,; the point (B,,7,) being somewhere on a
line segment connecting (B.,7.) and (Bo,y¥). The expansion applies for a
sequence tail-equivalent to (8, 7,), but we maintain the same notation for

convenience.

Now we know that

B,—Bo) >0 and (F,—y}) >0,
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given Al-A4 and All, by Corollary 3.1 of Domowitz and White (1982).
Assumptions A3, A8 and A1l ensure that Theorem 2.5 and then Theorem 2.3
of Domowitz and White (1982) apply, yielding the following results:

w7t Y G- ¥ B -gnPr91| S0, @
n“}::l (y,—J’I)VfI—n‘l/i1 E[(y.— ?)Vf?]lg'O, (22)
w7 Y (= f)Pg—nT! Y Bl S0 o )

The expectations in the second summations of (22) and (23) vanish by Al;
hence the first summations tend to zero a.s. Given A1-A8(b), A9 and All,
ﬁ(ﬁ,,—- Bo) and \/ﬁ()?,,—y,’:‘) are O,(1) as a consequence of Corollary 3.3 of
Domowitz and White (1982). Hence, by 2c.4(x.a) of Rao (1973), which treats
products of random sequences, the last two terms of (20) vanish in
probability. '

Further, the leading, O,(1), term in ﬁ(ﬁ"—ﬂo) is given by the fact that

(B, ~ Bo)—[EFTF/m] "™+ 3. 7797e 50, 4

by use of A1-A8(b), A9, and All. It then follows from the result 2c.4(xiv) of
Rao (1973), which deals with continuous functions of random sequences, that
the above results imply

n =)= )-n"t Y (g~
+E((f —g)TF/mE(FTF/n)~7f%]e,> 0. (25)

We now turn our attention to the denominator of the test statistic.
Consider the quantity

b7 =(1/mé5(g—NTMoE~ /)
=65[(E— )&= Nn—(E—~)TE/mETEm~ (FT(E~F)m)l:  (26)

Given the domination conditions of A3 and A8, repeated application of
Theorems 2.5 and 2.3 of Domowitz and White (1982), followed by

JE—C
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application of Lemma 3.2 of White (1980), implies that (D2 _(52)_1; 0. Since by
(18) w2 =c for all n sufficiently large, it follows from 2c.4(xiv) of Rao (1973)
that

w - )¢-Dia,
"+ 3, U0l ~/9+E( g FmEFTF) [ 71e 50, (7

Moreover, it follows from 2c.4(x.d) of Rao (1973) that the two quantities in
(27) have the same asymptotic distribution. This distribution will now be
computed for the second term.

Define the scalar

O =(1/0)[(gF — f7)+E((f —&) F/n)E(F"F/n)~Vf7], (28)

and consider the distribution of

n—%:zl Qs (29)

which is the second term of (27). By Al, E(Qu&|Qu. - 1815+ Quoto) =0 for
t=1,...,n and each n 1. Further, by the definition of &,, var(n ™ *) 7_; Q&)
=1. Given A3, A8 and A10 it can be verified that E(|QZ¢Z|' **) <4< oo for
some 6>0. Assumptions A3, A8 and All allow the strong law of large
numbers for mixing sequences of McLelsh (1975, lemma 2.9) to be applied,
ensuring that m~*) 7. | 022 —E(Q%4¢? )—» 0 as n=m—o0. Thus the conditions
of Theorem 1 are satisfied, and we conclude that

17ty 0,8 AN, D). (30)
t=1

From (27) then,

n"(y— T —N)d,~N(Q, 1). (31)

The quantity on the left of (31) is simply the P test statistic, (5), in a slightly
different guise. Hence Theorem 2 is proved.

The extension of the above proof to the P test statistic is straightforward.
We shall merely state the more general result.

Theorem 3. Under assumptions AI-All,

(=DM o(& — Bfdo((— A Mo@—R)* ~ N, 1),



