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DIFFERENCING AS A TEST OF SPECIFICATION*

By CHARLES I. PLOSSER, G. WILLIAM SCHWERT
AND HALBERT WHITE!

l. INTRODUCTION

One of the most difficult problems in applied econometrics is to determine when
an econometric model is correctly specified. Although there are many types of
misspecification, this paper is concerned with specification errors that lead to biased
or inconsistent estimators of the regression coefficients. Specification errors of
this type include omitted variables, measurement error, simultaneous equation
problems or any type of misspecification that leads to a dependence between the
error term and the regressors.

In the context of the linear time series regression model, Plosser and Schwert
[1977, 1978] suggest that a comparison of the least squares estimators from a
presumably correctly specified regression equation with the estimators from the
differenced form of the same model can provide important insights into the
validity of the linear regression specification. If the model is correctly specified,
the estimators from the differenced and undifferenced models have the same
probability limit, so the results should corroborate one another. On the other
hand, if there are measurement errors, omitted variables, or other types of mis-
specification, the differences regression should lead to different results, indicating
that corrective measures are in order.

The purpose of this paper is to formalize the arguments presented in Plosser
and Schwert by constructing a test of the hypothesis that a time series regression
equation is well-specified. The test is based on a comparison of the least squares
estimators obtained from the differenced and undifferenced regressions. The
resulting specification test is similar to those proposed by Hausman [1978].

Section 2 develops a statistic to test whether the undifferenced and differenced
regressions are equal. A rejection of this test would indicate misspecification.
In Section 3, we investigate the asymptotic local power of the test. Section 4
summarizes Monte Carlo experiments that investigate the size and power of our
test in finite samples under some plausible types of misspecification. In addition,
we compare the power of our test with the power of an instrumental variables
procedure and test proposed by Wu [1973], the frequently used Durbin-Watson
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statistic, and a specification test due to Ramsey [1969] and Ramsey and Schmidt
[1976]. The concluding section summarizes our test procedures and the findings
of the power investigation.

2. A DIFFERENCING TEST FOR MISSPECIFICATION

The stochastic regression model we consider is discussed by Goldberger [1964,
ch. 6]. Assume
Al. The model can be written in mean-deviation form as

(1 v =X Bo + &, t=1,..T,

where {X,} is a weakly stationary sequence of random 1 x k row vectors, such that
plim T-' YT, X!X,=Myy=E(X,X,) is finite and nonsingular; {¢} is a pure
white noise sequence, such that E(e,)=0, E(e?)=03, 0< g3 <o0; ¢ is independent
of X, for all t; and f, is an unknown finite k x 1 vector of constants.

When the model is correctly specified, the least squares estimator fr=
(X’'X)"'X'y, is a consistent estimator for f,. Given Al and assumption A2 of
the Appendix (which imposes mild conditions on the moments of the regressor
cross-products and on the convergence of the regressor covariances given the
distant past to the unconditional covariance), it is straightforward to show that
\/T(BT~BO)£N(O, o3Mx}). However, when the regression equation (1) is
misspecified, in the sense that there are omitted variables, simultaneous equation
problems, etc., there is a dependence between ¢ and X,, and the least squares
estimator is generally inconsistent.

In order to test for misspecification in (1), consider the differenced regression

@) o= XBo + & t=1,..,T,

where the dot notation indicates first differencing (e.g., y,=y,—y,~;). For
convenience, set yo=y;, Xo=X,, and g;=¢,. Defining X as the Tx k matrix
with rows X, and y as the Tx 1 vector with elements y,, the least squares estimator
for (2) is fy=(X'X)"'X'y. When the model is correctly specified, f is also a
consistent (although inefficient) estimator for f,, provided that X, contains no
lagged dependent variables. Otherwise, B is inconsistent. The inefficiency of
the estimator arises from the fact that differencing induces a first-order moving
average process in the disturbances of (2).2

Thus, the difference f— B, provides a misspecification indicator similar to
those proposed by Hausman [1978]. When the model is correctly specified,
B+ — By will be close to zero; however, f,.— i will generally diverge if the model is
misspecified. Based on this fact, we derive a statistic that uses the difference
between f; and B, to test for the presence of misspecification.

The statistic is based on the joint asymptotic normality of f, and ;.3 If

2 See Plosser and Schwert [1977] for a discussion of this moving average process and its effects
on estimates of J,.
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\/T(/?T—BT) is asymptotically normal with mean zero and nonsingular covariance
matrix V' (which occurs under general conditions when the model is correctly speci-
fied), it follows that

3) 4= T(ﬁT—BT), V_l(ﬁT*BT)fAVX%,
where ¥ is a consistent estimator of V., Formally, we have

THEOREM 1. If X, contains no lagged endogenous variables and A1, A2, and
A6 hold, then A4 yi, where

V=63[(X'X/T)" (X' X|T)(X'X|T)"" — (X'X|T)"]
and 62 =(y—Xpy) (y—Xpy)/T, provided plim V is nonsingular.

The double dot notation indicates second differencing (X,=X,—X,_,). Assump-
tions A2 and A6 are also given in the Appendix, along with all mathematical proofs.
The particularly simple form for ¥ (which is just the difference of the estimated
covariance matrices for i and ;)* arises from the fact that f; is asymptotically
efficient relative to .5

Although Theorem 1 is sufficient for many applied problems, often econo-
metricians are faced with more complex models that involve lagged dependent
variables, or autocorrelated errors. Hence, it is important to modify the differenc-
ing test to allow for such complications.

The only difficulty presented by lagged dependent variables in X, is that f,
becomes inconsistent even when (1) is correctly specified.® To remedy this
problem, consider the instrumental variables estimator f;=(Z'X)"'Z'y, where
Z is a Tx k matrix of instruments with properties fully specified by assumptions
A3-AS of the Appendix.” A natural choice for Z is a linear combination of

3 It should be noted that Hausman’s [1978] Lemma 2.1 implicitly requires the joint asymptotic
normality of ﬁ~1 and ﬁr. Hence, it will not generally suffice to consider the asymptotic normality
of fr and By separately, and then apply Hausman’s Lemma. In the proof of our Theorem 2, it
becomes evident that although asymptotic normality can be proven separately for/§1 and ,51 using
assumptions A1-A4, an additional assumption, A5, is required for joint asymptotic normality.

4 Note that (rAZT(X’)'(/T)“(A""X/T)(X’X/T)“ is just the estimated covariance matrix for
,51 taking into account that the disturbances follow a first-order moving average process with a
unit root.

5 Tt is also worth noting that there is an exact F-test that can be used instead of 4 when the
errors are normal and the regressors are non-stochastic or independent of «.

¢ In the lagged dependent variable case some of the regressors are correlated with lagged errors
so assumption Al is not satisfied. A similar problem occurs in rational expectations predictive
equations when the regressors (measures of expectations) will generally be correlated with lagged
errors.

7 Alternately, Adrian Pagan has pointed out to us that the inconsistency in 3 can be estimated
and removed. A consistent estimator is ,57 +(X’'X)"'S, where S is a kX1 vector with T¢% in

the position corresponding to the lagged dependent variable and zeros elsewhere. This is
(Continued on next page)



538 C. I. PLOSSER, G. W. SCHWERT AND H. WHITE

current and lagged exogenous variables. For this more general case we have the
following:

THEOREM 2. Given Al-AS, A4 y2, where
V=263[(Z'X|T)"WZ'Z|T)(X'Z|T)™* — (X'X|T)™']

and 62=(y—Xpy) (y—XPp)T, provided plim V is nonsingular.
Note that Theorem 1 can be viewed as a simple corollary of Theorem 2 where
Z=X.

Next we allow for autocorrelated errors by considering more general models
of the form

“4) yi=Xtpo + &f,

where ¢¥ is an ARMA (p, q) process ¢(B)ef=0(B)¢, and B is the backshift
operator. If ¢(B) and 6(B) have roots outside the unit circle, the model can always
be written y,=X,f,+¢, where y,=¢(B)O(B)"ly}, and X,=¢(B)O(B) X%
Obviously, no difficulty arises in satisfying Al if ¢(B) and 6(B) are known, so no
generality is lost in this case by supposing ¢, to be white noise. In practice, how-
ever, one has at most a knowledge of p and g, so that the parameters of ¢(B) and
0(B) must be estimated. Nevertheless, results of Pierce [1972] for a similar model
strongly suggest that this estimation may be carried out without affecting the
covariance matrices embedded in the statistics proposed here. This arises from
the fact that the least squares estimators of the parameters of ¢(B) and 0(B) are
independent of the estimators of 8, in large samples.

Thus, for a fairly general class of models, the differencing test can be imple-
mented as follows:

(1) Estimate f§, along with any ARMA parameters for the error process by
least squares. If necessary, transform the model so that the errors are white
noise, and retain the covariance matrix estimator for f,, 6%(X'X)"1.

(2) Difference the transformed model and compute f, and the remaining
terms of the appropriate form for ¥ based on the cross-products matrix of the
instrumental variables and the first differences of the regressors, (Z’'X/T), and the
cross-products matrix of the first difference of the instrumental variables, (Z'Z/T).
When there are no lagged dependent variables, this only requires the com-
putation of the cross-products matrices for the first differences (X’X/T) and the
second differences (X'X/T) of the regressors.

(Continued)

asymptotically equivalent to an instrumental variables procedure with Z= X+ U, where U has
the estimated residual from the undifferenced regression in the column corresponding to the
lagged dependent variable and zeros elsewhere. The presence of estimated rather than true

residuals may affect the form of V in Theorem 2 below.
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(3) Finally, compute 4 and compare it to the critical value for a y? statistic
at the desired significance level. If A4 exceeds this value, reject the null hypothesis
that the model is correctly specified.

3. ASYMPTOTIC LOCAL POWER OF THE DIFFERENCING TEST

For large samples, the local power of the differencing test follows immediately
from Hausman’s [1978] Theorem 2.2. Applied to the present case, Hausman'’s
result states for a sequence of local alternatives such that plim \/'I_(ﬁT—BT)=5,
where 0 is a finite non-zero k x 1 vector, the 4 statistic is distributed asymptotically
as noncentral y? , with noncentrality parameter

(5) v = ¢'(plim V-1)4.

It is trivial to show that the differencing test is consistent (i.e., has power one as-
ymptotically) against any fixed alternative such that plim (; —f7)#0 and plim
V is nonsingular. The local asymptotic power is

n(v) = P[4 > 14 ~ xi,.],

where ,x? is the critical value for a test of size o under the y? distribution. The
power function 7m(v) is increasing in v, so we shall use v to index the local power
of a test. To gain more understanding, we consider several special cases.

A common source of misspecification occurs when elements of the regressor
matrix contain measurement error. For example, suppose the true model is

(6) Ve = Boz, + Uy,
where for simplicity z, and f3, are now scalars. The model estimated is
(7) Ye = ,Boxt + &,

where the regressor contains measurement error, x,=z,+ v, so that g=u,—f,u,.
This is the textbook errors-in-variables model.

If we assume that z, is a first-order autoregressive process, AR(1), and v, is
uncorrelated with z,, u, and its own past values, and we consider the sequence of
local alternatives such that o‘%:afz/\/T‘, the expression (5) becomes

®) v =2B3p2o3*/(oh0(1—p2)).

where o2=E(u?), E(u,)=0, 02=E(z?), and p,=E(z,z,_,)/o2. The local power
of the test depends directly on % and p2 and inversely on ¢202.

Another common source of misspecification occurs when relevant variables,
which are correlated with the included variables, are omitted from the regression.
For example, let the true model be

©) Ve = PoXe + Yoz + Uy,

where u is independent of x and z. The misspecified model is



