Economics 205 Quiz 1
Joel Watson, Fall 2006

1. Consider an arbitrary function f:[0,1] — [0,1]. Define the sequence of real numbers
{z,}22, inductively by (i) z1 = 0, and (ii) for each n € P, 2,41 = f(z4).

(a) Given the assumptions made above, must it be the case that {z,} converges? If so,
explain why. If not, provide a counterexample.

No — censider € (x) =

(b) Given the assumptions made above, must it be the case that {z,} has a convergent
subsequence? If so, explain why. If not, provide a counterexample.
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(c) Suppose that f(z) = (x + 1)/3. Write the first few elements of {z,} and calculate

lim Tn. - { 4 13 40
n—oo x.so;‘.txz- 3 = = 4_:'—2.—_; 'xrz?r
= 3~ o
Xn = '-—-;5—;;:"""—*‘ : Xn 7

2. Calculate the following limits. In the case in which one or both of the limits does not
exist, state this.

(a) lim z,, where the sequence {z,} is defined by z, = % forallne P
T3 +in®+12n+3 . 3 5
Xa = 403 = 2+ 2n + ‘1».«\ O
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3. For both cases below, write expressions for A/(z).
h =|f(z 21— f(z ¢ - -
(a) h(@) = [£@)] 211 - f(2) re St £ [f0 246

(b) h(z) = f(3z + g(x)) W= f /(BX-*f(x)) (3+36»

4. Prove by induction: 1 +2+3+...+n=n(n+1)/2.
@ At n=1, e+ 5ide s | and v:ﬂu s1de s )y So 1% €fa~<—+m~ L-/JS

) (,ms&um?kwwwfﬁw'mmof,ank
Excarine 1 %M'/‘!M ém n=l+f -

l+2+34-+ R+ (k+)) = (k+a)(k.+2.) = (kt)kd + b+

A . ) 8
Q; Prcsuﬂv"f‘;ﬁl A'—‘B, so fhus e bolde as well.

5. Suppose f:R — R is differentiable and satisfies f(0) = 0 and f'(0) = 3. Prove that
there is a number o > 0 such that f(z) > 0 for every z € (0, 0).
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and so f(x)>0.




Economics 205 Quiz 2
Joel Watson, Fall 2006

1. Consider the function f : (0, 00) — R defined by f(z) = 2% — 8z + 6Inz.
(a) Calculate the first four derivatives of f evaluated at the point ¢ = 1. s
ol =2x-F+bx™; £P ()= 24@6x  £O0) s 2.6 %7
- ' @
)= <ebxt; £ 2-946=05 £9)= -4 ; £70)= 12
€\
= -3

(b) Using your observation of the pattern that develops in part (a), write an expression
for f*)(1) (the kth derivative of f at ¢ = 1) for k£ > 3.

0 = <) 6 (ko)
,F(n (7() = (—l\k-‘- 6 (k'l)‘ X'k

(c) Write the third degree Taylor polynomial of f, centered at the point ¢ = 1, as a function

of z. ‘ . .. y .
P () = £(0+ £(Dx-1) + FOx-05 L + £ (Ox- %
c -7 4 O 4+ -—4-450x-0% 4 leé(x-z):’

= —7-26c-0*+2(x-))?
(d) Suppose you want to use a Taylor polynomial to estimate the value f(2). Write the
error term of the nth degree Taylor polynomial, as a function of n and ¢, for z = 2. (Center
the polynomial at ¢ = 1.) Find a convenient upper bound on the absolute value of the
error term and use it to determine a value of n (as small as you can find) such that the
error is smaller than( .1.{)1(06.) K :

(n+i) !

"(‘n ' -ney nH n 6
£ ()= ¢ L (A E (2N 0T b ok E.(0] ¢ -
" (n+1)) nit
(e) Determine the critical points of f. L P(.ck n»oeo.

fixdYz=0 & 2x-F+bx™ =0, 21X - Px +6 =0, x%*-4x+3=0
% (v-1)(x-3)=0. x*=1,3.

(f) Determine the nature (local maximizer, minimizer, neither) of the critical points.

f”(l>'—=—4 <D = K“"l (s & local maxim ey, .
‘Fu(3>= Z"é("&%)'—‘-%)o =) 7(*=3 «'é a (ouvp W\l-'-l‘m;te,r'



2. Use matrix algreba to find the vector z* that solves the following system of equations:

3 (3 -1\ ([ (3
Ax-—y,whereA--(1 2 ),z—(xz),a.ndy—(8). Show your work.

A Ax< ATy, Tax=ATy 5 xT= ATY

3. Calculate fola:ezdrz:. 87 ?ar‘fs.-. Lt F(x)=x ) (%)= e”. £le)=1, aﬂ,&) =e*
f‘F(ﬂ)?(x)clx = [F& G(xﬂl - L‘F(x) ¢()dx = fe*], - (] - e-o-e+]

©
= |
4. Consider the subset of R® defined as {z € R® | 7125 —€?** = 2}. Find the plane tangent
to this set at the point £ = (3, 1,0). Represent the plane as a subset of R3.

£(x\= x x> - e Thi s e 2-vehee (vl stz £.

X ,
VG = (%2, 200, =28 7)) | T€Ge) = (1)6,72)
TE£(310)- (%-3/ %31, %5-0) = O &> (e~ (x-3, Ka=1, K3) =0
X,-3 4+ X2~k ~2X3=0

X, +bxXa =2x3=1

A

{xelﬁs/xH—éxz—Z)(;:‘?}

5. Suppose f : R — R, and g : R — R, are both concave down, where R, denotes the

set of nonnegative real numbers. Must it be the case that h(z) = f(z)g(z) is also concave
down? Prove or provide a counterexample if you can.

10,} Concant Lo with £(x)» 0, gl)zo Ve R
= £x)=c¢, 3Cx)cb Vxe R, 5o~ bic € R (om stants |

Z)fw-ol p()‘-)?()‘):/\(ﬁ)’ be a (s cComcovt doun (‘/"'.Vt;{/7).



Economics 205 Quiz 3
Joel Watson, Fall 2006

1. Consider the function f : R?x R — R defined by f(z1, z2;a) = 11azs +x173 —az?— 122
Think of a as a parameter in the problem of maximizing f(z;, zz; a) by choice of z.

(a) Calculate the first- and second-derivative matrices of f with respect to z = (z;, z,).

Dof o= (Re-2va, Wa+x, -2x)

D:’ F- = ~Za \ >
i -2
(b) Calculate the critical point(s) of f (with respect to z, as a function of ) and determine
the nature of each.

X, —IX,A =0 & Xp=2aKk, subshhti indr  secad Fog,
4‘0 ?l/f o + X‘—-4ﬂx'=0

x _ Ala . - _zZa*
= ﬂb X, = 4o -1 J Xz 4‘&—)
[Di6]= 4a-1 | Tf avd e Hl 5o e

7(«‘-—? AR KT A

(c) Calculate v'(3), where v(a) = max,cg: f(z,a).
Vi(a)s Hx, -Xx° (evalodtid ok optimad X, , %)

“(3) = [(..22a% _ (Ha\T
Vi = 2R - ()

2. The equation z? + zye® = z — 6 defines a curved surface in R3. Find the equation of
the tangent plane to this surface at the point (2, —5,0).

£ (512 = xz**K‘/e&"*“"’&

TE = (Zx+ye?, xe® xye —l>) vf(z,-s.0)=(~1, 2, —-u.)

The -lzw-?«/bf‘ /W o Awel 2t 'F(&,‘z,-zr)::o Py (Z‘—s", o)
{(X,‘I,%)[ (-1, 2 -11) = (X=2, 15, %)°°j

s?()((‘-((-l') I-—x+zy —tla+ll=07



.2
3. Consider the function F : R® — R? defined by F(z, 2y,23) = ( zﬂﬂsz; Z126 ) Consider
172 7

0 Z92
z in a neighborhood of (20,22, 22) = (2,2,2). Is this the case? If so, write 2 = g(z) and
calculate Dg(2).

Tdetily - F(xg0d)=28. pyF(22,2)+p,F(222)Dg(2)=3
- e W reen (2,2 2) % ID}F(Z.Z‘L)[#O

DkP(Z,’L/L)=(; ':>. NG that 1(;}) = [12 #0. ¥

whether the identity F(z, 2y, 22) = ( 0 implicitly defines z = ( A1 ) as a function of

b?(")= - [D&F(L‘L)J-‘D F2,2,2)

7 (D) (5

D&F = X -2 2'1-)
Ba.Lz, 2}

DxP 2 *-)

o)

il

4. Recall that a function f : R* — R is concave if, for all z,y € R™ and every A € (0,1),
we have f(Az + (1 — A)y) > Af(z) + (1 — A)f(y). Prove that if f is concave and z* is a
local maximizer of f then z* is a global maximizer of f.

gwrpoa_ V\-d+. .ﬂ“‘«'\ 3\!“ $-+. ‘P("*) 7 'p(’c*), @7 C()?lCa\/;'{'7/
e mons Fhot £ (A x*+ (0)y*) 2 M) 4 (123) £(y*) > £0<*)

Gf o ({ Xe(‘-"ll)_
“ sz loead MA (i et LA F5>0 ruc[\ oot

P\PCSwmt‘ X (S " © "
[x-ll< & = Flo F(X7). But it com Fud Age (o

sweh  Hat }[Az"‘+(!)~)y‘k *j[<z
(Mt o, M =0 (¥ cx*)l<2) and fhen wt hawe a

(,(/y\-f'rn. 0(“0410!4 .
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Economics 205 Final Examination
Prof. Watson, Fall 2006

You have three hours to complete this closed-book examination. You may use scratch
paper, but please write your final answers (including your complete arguments) on these
sheets.

1. Consider the sequence {z,} that is defined inductively by z; = % and, for every n € P,

— 1+
Tpyl = —21‘&

(a) Write the first four numbers in this sequence.

3 7 /5~
2t ¢+ ' T¢ ' Te

(b) Write z,, as a function of n (not as a function of z,_;).

(c) Does {z,} converge? If so, to what number?

Nes, H 1.

zsin(l/x) ifz#0
0 ifr=0
write what it means for f to be continuous at = 0. Show that f is continuous at x = 0
by finding an appropriate § value for each e.

2. Consider the function f : R — R defined by f(z) = . Formally

'p CGV\'l't;\uaM.S at- 2ex> ireens
r all %70, Hawe exisk §>0 such oot
|x-0l< & # implies [£(2)- £l < E.

Th Ha e canc Ao, Hy ¢ Ao biaat @
& oM 829 Hare exists &2 such Hat
Ix—o[< > {;«\//:'c.: [xstn ()] <E.

N0+<- W §I~h (‘;E)él:-—l(lj’ So {.e‘f'-l'/;‘j S=f te
C(‘.%‘C[M\J".



3. For each of the following matrices, say whether or not it is invertible (that is, whether
A1 exists) and, if so, find A7

2 4 2 7 % 0 0
wa-(2 ) ma-(2 ) @A_(g 2 )
M°) \{CS. 'f-e,S- ND)LC M
}A[:?O lA!-’{ ]—2;1 =’}" S'a'ILLC
A-.:(us -7) verse of (52) s
-3 2

4. Consider the function f : (0,00) — R that is given by f(z) = 2? — Inz.
(a) Write the second-degree Taylor polynomial for f centered at the point ¢ = 1.

P () L+ £900) (2-0) + -Fm(:)-—é- (x-0)*
= 1+ O-(x-)+ F-3-(x-0*%

= )+ (-0 4+ X~

(a) Suppose you want to approximate f(2) to within 1/100 using a Taylor polynomial
centered at ¢ = 1. Write the expression for the error term of the nth degree Taylor
polynomial and find a convenient value of n to achieve the desired bound.

- ) =
Note : £0(0)= 2=kt £P0m zex £V = c2xT £900= 7

o k23, £¥ () = e (k-n) x7® (=
Ply=g-1=0 . £P900=3. 202 F90 -6
'P(”(')" ("")h(.h").'

-l ne h+)
£ () gl (- )™ = (0T (D)€

-Nn-y n+j

(x-¢)" @

i

En(x)

En(n) = (-0 @0

«®
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5. Consider the function f : (0,00) — R defined by f(z) = 30 + z? — 14z + 20In z.
(a) Calculate f'(z) and f"(z).
{'(x)= 2% -14 +20x™
£(x)= 2- 20x"*
(b) Determine the critical points of f.
f(xd0 & 2 x - [4x +z0o =06
X?*-2x+1(0=0

(x-2)(x-5) =0

)(k": 2, s
(c) Determine the nature (local maximizer, minimizer, or neither) of each critical point.
£(2)=-3<0 = x%22 6 alecal mawimizer

‘F”CS')":—;;)Q 2 x*=85 b a (ocal minimtaer

(d) Calculate the tangent line to the graph of f at the point z = 1.
TS5 e Tay(or fol-r»mw:a-f ‘7 &7‘« e, cented ofF C= (.

Y= £+ £()(x-0)
Y= 17+ §(x-1)
Y= 9+8x

6. Let f: R? — R be given by f(z,y) = zy + 2z + 5y — 2% — y*. Solve max f(z,y) by
finding the global maximizer (z*,y*). Verify first- and second-order conditions.

TGy = (Y+r—2x, x+5-2y)

pef (x9)= (—IL ‘)

-2

- yH2=Llx(_, V+2=4y-10
‘V'F(":"’)Eo & = 2y-— ; ‘/*94
X=2y-5 I3

D’HL £

vf (3,4) i5 negefie degenske . O fret,
> {%)Mfw atf (<, 9), so F 5 camcawe
and (3,4) is @706-»4? maxim | Ter,



7. Consider the functions f : R® — R? and g: R? — R given by
Yi Toe™ — 1,73
f(z1, 22, 33) = = 5 | and g(y1,%2) = Ny

Y2 T1XT2T3 — Tg

(a) Compute Df(0,2,1). Note that your answer will be a 2 x 3 matrix.

X

X, e - x3 e - 2x,K3
D £(x)=

)CZ'XZ X|)<3"3)<:: X, X2

DE(o,2,0) = (' ' O)

2 -1z ©

(b) Compute Dh(0,2,1), where h(z1,z2,z3) = [g o fl(z1,22,2z3). Note that your answer
will be a 1 X 3 matrix.

Use Chain vale i Da (o) = (% 1)
Da('@(olzll))a (-9 2)
dh oz )= Da (€(oi 2, 0D (0,2, )= (-7 L)(I l o>

2 =it 0

"

H

(-4 -32 ©0)
8. Consider the function f: R? — R defined by f(z,y) = 7Tzy — y3e® + 1.

(a) Does the identity f(z,y) = 0 define y as a function of z near the point (2% y°) = (0,1)?
If so, and letting g denote the implicit function (so we have y = g(x)), calculate ¢'(0).

\/C_S. m > ‘ w -F()(,?«(X))'-'-'- O' W/ Py
24(0,1y + 25(0,)g'(0) =0 st 50 i) = T 2x(D
é—x— ‘ 57 ‘ 9 3 3460”)

Nok W g’:‘-ca 7\/-— ‘facx 3 -—g-;f'- 7X-3‘/z€‘.

% _ (- :
5/(0) = -0 _ , (2 well diforsd becases Loy o)

G-3

(b) Determine the plane tangent to the graph of f at the point (z°,°,2%) = (0, 1,0).
THe th O-lalue (evtd Sef of h(xy,2)= Try-y3e +|-2
A (0,1,0). (Mse, H A st depar Taw r polgnamiad o £..)
gh= (7y-1%<", 7% -3y"e¥, -1). vh(on,0)=6, -3,-1)

f(":‘h*)} Th(eit,0) (x-0,9-1, 2-0)= 0]

C Sc a2y (6,=3,-1) (%, ¥-1,2)=0f = [&,2)|[6x-3y-2%3=07.



9. Consider the function f : R — R defined by f(z) = 2% — 922 + 15z + 74.

(a) Solve max f(z) subject to z € [2,6]. Find the maximizer and note conditions you
check.

£(%) = 3«*A8x ¢1(5 | £(X)z0 & %% 1.5

.F"(x)-,-é,c—-(& £%U1) = 12 56 locadk max hane

A G L. '
X =1 M M
Cnch ond poiis: £()=70 . LB £(O= sC

(b) Solve min f(z) subject to z > 0. Find the minimizer and note conditions you check.

We kney R=5 is a lecak waia ten 2 and £
p(s)= 49 . F(o)= 14 (bowrtony cheek)

—;) x = 5

10. Solve the problem maxz + y subject to z2 + y2 — zy — 4 = 0 and determine the
maximizer (z*,y*). Clearly show the conditions that you check.

p(x) = K7 - Glay)s xF+y -xY-F
v £ (xy) = (e, 0) . V?«()‘l‘i)'—‘ (2x-,2v-x)

L SAValxy) G [=Ar(2x-y) (0
\ F0.C: TEGM) % (% 9) SUVANRSEE R
§ubs+.'+u+,' xe=y jnhr ?6‘,‘1)>O \{l‘e(&s
(v ‘ Z‘—-Z-),

i) W | . / (2 2} (5 e W




11. Consider an arbitrary function f : R?® — R for which the problem of maximizing
f(z,v) is uniquely solved by (z*,y*). That is, (z*,y*) is the only global maximizer of f.
Let w* = f(z*,y*) be the maximized value. Suppose that, for every z € R, the value
v(z) = maxyer f(x,y) is well-defined; that is, the problem of maximizing f by choice of y
(for a fixed z) has a solution.

(a) Prove that max,cr v(z) = w*. First lets Show _‘.{Vq. vix) z w* for
S P e e = JR L W In Par-HCu(M", VIix*) S w¥.
This U becanee 7“ s zusi“l. fo e M&m oZ n:/a.x -F(x"‘,\!).

Next Swpposc wippp sghn) Lor sowt X, v(R)>w™, Thea 3 9- s.--f.
'F()?.:]‘)>W"- BW"'MM went A cmPradict M ()‘*47") Mnx/m(-z-c.f-f,
e Aase cmclade that vEE T imax v(x) = v(x*) = wr,

X

(b) Suppose that the sequence {xx, yx}7>, has the property that, for some a € (0,1) and
for every integer k, f(Zxt1, Ykt1) > af(x*,v*) + (1 — @) f(zk, yx). Is it necessarily the case

that {z&,yx} converges to (z*,y*)? Explain why or provide a counterle:xample.
y X if Xele,:
No, For exao?Q/ con s Ly -ﬁ&ly) = {‘ ¢ x=z,y'-:>¢

0 otherwise

Take ®=4 . L5 4%)=]
s xoxo 1 e o enst k) X be el by,

/—7Ck. = '2,"+ ‘é’Xh_-l .

tho Vik. -
N({Q M x.:o/ 7(1:"%:) xt=%"" } Se {xk77b} SW v

-, - MI.
e Coditim , bt (K T (1,0) R (11). (ﬂf;s%.gwt?

12. Suppose X is a compact subset of R® and that f : X — R is continuous. Prove that
if f(z) > 0 for every z € X then there is a number z > 0 such that f(z) > z for every

reX.

‘?@”6 .Lda con Fradeelion : 7y
“ﬁFM ¥ “w 4 b & 2
S Hot for evey Z70 I X e X o flx .
W st shov of  ftwe nittadeets A o # . P

. . _ )
fo grastim . oG Nt F unCry Y, =

(‘”""(—""/ 2=/ )( w e have F‘/H}CK bl -p/‘/,.)—a 1)

n

e Cawr ) Al a 4 0 ’/ {YR f guc& W
Yn, — for some ve X, o-ﬁ;? Yo, > 7

'P(th_)-’ °, “‘?’ MM N £/ we M“C(an)“" -F(y)

TZ". PO fatf- -F’();o controdiete
AP Lhod-£(<) >0 Yre X
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Simpler proof: f attains a minimum on X, since f is continuous and X is compact.  The minimum must exceed zero.  Let z be one half this value.
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