
Econ 172A, Fall 2014: Midterm Answers

General Comments:

1. There are 112 possible: High 112, Low 10, Median 75, Mean 73.5.

2. Interim course grade: I do not assign letter grades until the end of the term. Midterm scores
below 55 are dangerously low. Similar performance on the final may lead to a failing grade.
Grades above 90 are (at this point) in the A range. Final grades of students scoring in the mid
range (55–90) will (obviously) depend critically on the final exam performance, but I would
guess about three quarters of students in this range will end up with a B, and almost everyone
else in the range will receive a C or an A.

3. The next few pages contain solutions. (Please let me know if you find mistakes.)

4. Notice: there were three forms (your form was either A, B, or C. You can find your form on
the first line of the title page. Solutions below restate the questions from Form A, but contain
answers to the other forms too.

5. I have posted information about regrading procedure on the class web page. Please read this!

6. TED:

(a) As of Friday, November 14 at noon, you can find your quiz grades and midterm score on
TED.

(b) TED displays a total (out of 128). This is the sum of the two quiz scores and the midterm.

(c) Warning: Many of the midterm scores changed in the past 24 hours (I corrected a mistake
in grading).

(d) Warning: Some quiz scores have not been entered. I will correct this today before 6 pm.

Specific Exam Grading Comments:

1. 6 points each part. Most people seemed to know roughly what to do. Frequently graphs were
poorly labeled and answers not supported.

2. 5 points for part (a); 3 for (b); 7 total for (c) and (d); 6 for (e); 7 for (f); 5 for (g). You lost
a few points for saying nothing about binding / non binding non negativity constraints (in
c and d). This is a tiny thing, but the question explicitly asked for this information. There
was some confusion about translating the “non-binding” information into equations to solve.
Many people failed to check whether their “guess” satisfied all constraints in the dual. This
led to significant deductions.

3. 4 points each.

4. Part (b) caused a lot of trouble. Grades were generous on this part. I expected some people
to have trouble writing down the constraints (and awarded credit for almost any reasonable
attempt). I was surprised that people had trouble counting variables.
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1. (This is Form A) Consider the linear programming problem:

Find x1 and x2 to solve: maxx0

subject to x1 + 2x2 ≥ 1
x2 ≤ 5
x ≥ 0

(a) Graph the feasible set.

Feasible set has corners (0, .5), (1, 0), and (0, 5). It is unbounded (large x1 is possible).

(b) Solve the problem graphically when x0 = −x1 − x2.

Solution is (0, .5).

(c) If possible, find an objective function x0 such that (0, 5) is the unique solution to the
problem.

It is possible. For example, min−x1 + x2. In general, you need a negative coefficient on
x1 and a positive coefficient on x2.

(d) Suppose that x0 = Cx1 + x2. For what values of C does the problem have a solution?

Need C ≤ 0. If this is the case, a solution is at (0, 5). If not, then unbounded (because
you can make x1 arbitrarily large).

Form B: the corners were (.5, 0), (1, 0), and (4, 0). The solution to (b) is (.5, 0). For (c) you
need a positive coefficient on x1 and a negative coefficient on x2). For (d) you need C ≥ 0.
Form C: the corners were (0, 4), (0, 1), (.25, 0), and (4, 0). The solution to (b) is (.25, 0). For
(c) Ax1 + x2 for A < 1 (any solution will be a positive multiple of this). For (d) need 1 ≥ C.

2. (This is Form A.) Consider the linear programming problem:

Find x1, x2, x3, and x4 to solve P:

max 10x1 − 2x2 + 5x4
subject to x1 + 2x2 + 4x3 + x4 ≤ 30

x1 + x3 + 2x4 ≤ 2
x1 + x2 − x3 ≤ 5

x ≥ 0

You must provide justifications for your answers to the questions below.

(a) Write the dual of the problem P. Find y1, y2, and y3 to solve:

max 30y1 + 2y2 + 5y3
subject to y1 + y2 + y3 ≥ 10

2y1 + y3 ≥ −2
4y1 + y2 − y3 ≥ 0
y1 + 2y2 ≥ 5

y ≥ 0

(b) Verify that x∗ = (x∗1, x
∗
2, x

∗
3, x

∗
4) = (0, 7, 2, 0) is feasible for P.

Plug in the values. The first constraint holds because 22 < 30, the second and third hold
as equations. x is obviously non-negative.

(c) Which constraints of P are binding? (include non negativity constraints)

Second and third constraints and non negativity on x1 and x4 are binding.
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(d) Which constraints of P are not binding? (include non negativity constraints)

First constraint and non-negativity of x2 and x3 are not binding.

(e) If x∗ is a solution to P what relationships must the solution of D satisfy?

If y∗ is a solution, then must have second and third dual constraints binding and y∗1 = 0.

(f) Using Complementary Slackness to determinate a candidate solution (“guess”) to the
dual.

Solve: y∗3 = −2, y∗2 − y∗3 = 0. Hence if x∗ solves P, then y∗ = (0,−2,−2) must solve (D).

(g) Is x∗ = (0, 7, 2, 0) a solution to P?

No (because the guess y∗ is not feasible for the dual (it violates non-negativity con-
straints).

Forms B and C change a few numbers, but the theme is the same. The dual guess is not
feasible.
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3. Circle “yes” if the statement is true. Circle “no” otherwise. The parts are independent. It is
not necessary to justify your answers.

Different forms had different subsets of these questions (and in different order). The questions
were the same, however.

(a) (YES NO) It is possible for the feasible set of a linear programming problem to have
exactly two corners.

Yes. (Lots of examples. x1 ≥ 0, x2 ≥ 0, x1 ≤ 1 has corners at (0, 0) and (1, 0).)

(b) (YES NO) It is possible for a linear programming problem to have exactly two solutions.

No. If it has two solutions, then it has infinitely many. (Everything on the segment
connecting the solutions.)

(c) (YES NO) Assuming c ≥ 0, it is possible for the linear programming problem:

Find x to solve: max c · x subject to Ax ≤ b, x ≥ 0 to have a negative value.

No. If x ≥ 0 and c ≥ 0, then c · x ≥ 0.

(d) (YES NO) Assuming b ≥ 0, it is possible for the linear programming problem:

Find x to solve: max c · x subject to Ax ≤ b, x ≥ 0 to have a negative value.

No. (x = 0 is feasible).

(e) (YES NO) It is possible for a linear programming problem and its dual to both be
unbounded.

No. Contradicts duality theorem.

(f) (YES NO) It is possible for a linear programming problem and its dual to both be
infeasible.

Yes. Mentioned in class. (There are examples with two variables and two unknowns.)

(g) (YES NO) Multiplying all coefficients of the objective function of a linear programming
problem by the same positive constant does not change the solution of the problem.

Yes. (It just changes the “units.”)

(h) (YES NO) Multiplying all coefficients of the objective function of a linear programming
problem by the same constant does not change the solution of the problem.

No. (If the constant is negative, then it changes a max problem to a min problem.)

(i) (YES NO) Multiplying all coefficients of the objective function of a linear programming
problem by the same positive constant does not change the value of the problem.

No. This multiplies the value by the positive constant.

(j) (YES NO) Assuming all entries in A are strictly positive, it is possible for the linear
programming problem: Find x to solve: max c·x subject to Ax ≤ b, x ≥ 0 to be infeasible.

Yes (the constraints could be x1 ≤ −1 and x1 ≥ 0).

(k) (YES NO) Assuming all entries in A are strictly negative, it is possible for the linear
programming problem: Find x to solve: max c·x subject to Ax ≤ b, x ≥ 0 to be infeasible.

No, by making any component in x arbitrarily large you can satisfy all constraints.

4



4. A dietician needs to solve a variation of the diet problem presented in class. There are n
foods and m nutrients. One pound of Food j (j = 1, . . . , n) supplies aij units of Nutrient i
(i = 1, . . .m). One pound of Food j costs pj dollars (pj ≥ 0). The nutritional requirements
for Nutrient i is bi units (bi ≥ 0). A denotes the matrix with element aij in Row i and
Column j (A has m rows and n columns). The standard diet problem is to find x to solve:
min p · x subject to Ax ≥ b, x ≥ 0, where x = (x1, . . . , xn) and xj is the number of pounds of
Food j purchased. (This is the problem that I described in class.) [Part (a) is independent of
Part (b).]

(a) Suppose that, in addition to the constraints above, the diet cannot weigh more than w.
Write an algebraic expression for the additional constraint. Suppose the original diet
problem has a solution. Must this problem (with the weight constraint) have a solution?
Form (A):

∑n
j=1 xj ≤ w. (The left hand side is the total weight of food purchased.) May

not have a solution (it may be infeasible). Form (B):
∑n

j=1 xj ≥ w. (The left hand side
is the total weight of food purchased.) Still has a solution (if you multiply the original
solution by a large enough constant you will eventually satisfy the weight constraint.
Hence the problem is feasible. The value is bounded by zero.)

(b) (This was on Form (A).) Suppose that supplying additional amounts of Nutrient 1 is
valuable (but not essential) and consequently the dietician is rewarded for exceeding the
first nutritional requirement. Specifically, she is paid α dollars for each unit above b1 of
Nutrient 1 that she provides.

i. Write an expression for the number of units above b1 of Nutrient 1 supplied if the
dietician buys x.

∑n
j=1 a1jxj − b1 The first term is the total amount of Nutrient 1

provided, so the difference is the “extra” Nutrient 1.

ii. Write the linear programming problem that the dietician would solve if she wants to
maximize her net earnings (earnings from exceeding the first nutritional requirement
minus cost of food) subject to satisfying the nutritional requirements. How many
variables does this problem have?

α(b1 −
n∑

j=1

a1jxj) − p · x

n+ 1 variables.

iii. Suppose that the original diet problem has a solution. Must this problem (with the
reward for supplying extra Nutrient 1) have a solution?
No, it might become unbounded if the reward is great enough.

(c) (This was on Form (B); Form (C) was essentially the same – B becomes K and Food 1
becomes Food 2) Suppose that the dietician can bribe an inspector to “loosen” require-
ments. In particular, assume that there is a B > 0 such that for any z ≥ 0, if the dietician
pays zB dollars, then the nutritional requirement of Food 1 goes down by z units (from
b1 to b1 − z).

i. Write the linear programming problem that the dietician would solve if she wants
to minimize her total cost of bribes plus food subject to satisfying the nutritional
requirements. New objective function:

min p · x+ zB

(dietician now chooses x and z, so the objective is to minimize the cost of food plus
the cost of bribes). New constraints:
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In words, the right-hand side of the first constraint changes (b1 becomes b1 − z).
There are lots of ways to write this in symbols. One way is to add an extra column
to the matrix A. Make this the n+ 1 column and let it have −1 in the first row and
zeroes in all other rows. Call the new matrix B. Let the choice variables be called
w = (x1, . . . , xn, z). Then the new constraints are Bw ≤ b, w ≥ 0. You could also
write the constraints Ax − zv ≤ b where v is a column vector (m entries) with first
entry one and the rest equal to zero. You could also say that only the first constraint
changes and it changes from∑n

j=1 a1jxj ≤ bi to
∑n

j=1 a1jxj − z ≤ bi

ii. Suppose that the original diet problem has a solution. Must this problem (with the
ability to bribe) have a solution?
Yes. The new problem is feasible (you can always use the solution to the original
problem and z = 0). It is also bounded below by zero.

iii. How many variables does this problem (with the ability to bribe) have? n+ 1.
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