
Econ 172A, Fall 2010: Final Examination (I)

Instructions.

1. The examination has seven questions. Answer them all.

2. If you do not know how to interpret a question, then ask me.

3. Questions 1-4 and 7(c) require you to provide detailed answers. You must
explain how you arrive at your answer. If you properly use an algorithm
introduced in the class that is appropriate for the problem, it is sufficient
to say: “I used the algorithm introduced in class.” If you use an alternate
method, a detailed justification is necessary.

4. To be clear: It is not sufficient to write down a correct numerical answer
to receive credit. You must explain how you arrived at your choice and
why it is appropriate.

5. No justification is needed for Questions 5, 6, and parts (a), (b), and (d)
of Question 7.

6. The table below indicates how points will be allocated on the exam.

7. Work alone. You may not use notes, books, calculators, or any other
electronic devices.

8. You have three hours.

9. For students who sign the Buckley waiver, I will leave graded examinations
in an accessible area in the Economics Building. Students who do not sign
the waiver can pick up their exam during my office hours in January.

Score Possible
I 70
II 70
III 40
IV 60
V 50
VI 60
VII 50

Exam Total 400
Course Total 800

Grade in Course
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1. Consider the problem: Find x1, x2, and x3 to solve: min 2x1 − x2 + x3

subject to 7x1 + 5x2 + 10x3 ≥ 8.

Note: The parts of this question are independent. If you cannot do the
first part, you could still be able to do the second part. If you cannot
do the second part, you could still be able to do the third part. For
each part, you must justify your answer (that is, you must explain why
your numerical answer actually solves the problem). In each part, state
whether the problem is infeasible, whether it has a solution, or whether
it is unbounded. If the problem has a solution, find the solution and its
value.

(a) Solve the problem (any method) subject to the (additional) con-
straints that x = (x1, x2, x3) ≥ 0.

(b) Solve the problem (any method) subject to the (additional) con-
straints that 1 ≥ xi ≥ 0 for i = 1, 2, 3.
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(c) Solve the problem (any method) subject to the (additional) con-
straints that xi ∈ {0, 1} for i = 1, 2, 3 (that is, the variables can
take only the values zero and one).
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2. Consider the network on the next page. (Note: I have included several
copies of the network so that you can use it to show your work. Depending
upon how you solve the problem, you may need fewer or more networks.)

(a) Find a maximum flow for this network. You may describe the flow
here or on one of the network diagrams on the next page. Please
indicate your answer clearly. You must explain how you found the
answer. If you properly used the algorithm introduced in class (and
you show the steps), then you need no further justification. If you
used another method, then you must explain the method and explain
how it works.

(b) Find the value of the maximum flow.

(c) Find a minimum capacity cut for this network.

(d) What is the capacity of the minimum capacity cut?

(e) Find the capacity of the cut {s, 3} and {1, 2, 4, 5, 6, n}.
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Network for Question 2.
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3. Byclops manufactures bicycles at factories in Portland, San Francisco,
and Bakersfield. The bikes are sent to regional distributors in Chicago,
St. Louis, and Atlanta. The shipping costs vary. The company would like
to find the least-cost way to meet the demands at each of the distribution
centers. Chicago needs to receive 800 bikes each month, St. Louis needs
600, and Atlanta needs 200. Portland produces 850 each month, San
Francisco 650, and Bakersfield 300. The shipping cost per unit from each
pair of cities is given in the table below:

Chicago St. Louis Atlanta
Portland 8 12 10

San Francisco 10 14 9
Bakersfield 11 8 12

It costs nothing for Byclops to leave a bicycle at the factory (rather than
ship it to a distribution center).

(a) Is it possible for Byclops to meet the given demands with its avail-
able supplies? If it is, then exhibit a feasible method to do this and
compute the cost of the method. Your answer should include a de-
scription of how much to send from each factory to each distributor
and how much this costs.

(b) Explain which algorithm presented in the class could be used to solve
this problem and why. Describe briefly how you would set up the
problem in order to apply the algorithm. You do not need to solve
the problem. It is sufficient to explain in two or three sentences how
you set up the problem. Your explanation must be enough to explain
how the procedure would produce the answer.
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4. A company produces two products: A and B. Product A sells for $11 per
unit and product B sells for $23 per unit. Producing a unit of product A
requires 2 hours on assembly line 1 and 1 unit of raw material. Producing
a unit of product B requires 2 units of raw material, 1 unit of A, and 2
hours on assembly line 2. On line 1, 800 hours of time are available, and
600 hours are available on line 2. A unit of raw material can be bought
(for $5 a unit) or produced (at no cost) using 2 hours of time on line 1.
Formulate a linear programming problem that determines how much of
each product the company should produce in order to maximize profits
at the given prices using its technology. (You only need to formulate the
problem. You need not solve the linear programming problem.) Your
solution must contain an expression for the objective function and all
constraints. When I formulated the problem I defined the variables to be:
xA number of product A sold

xB number of product B sold

xR units of raw material purchased

xP units of raw material produced

You need not formulate the problem using these definitions, but if you use
different variables be sure to define them carefully.
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5. For each of the statements below indicate whether the statement is always
TRUE, by writing “TRUE” otherwise write “FALSE.” No justification is
required.

This question refers to a network in which there are N > 1 nodes and in
which c(i, j) is the cost of going from node i to node j and all pairs of
nodes are connected. Assume that each pair of nodes is connected, the
costs are finite, positive integers.

Some parts use the following terms:

The costs are distinct if c(i, j) = c(i′, j′) if and only if i = i′ and j = j′.
Costs are distinct in Parts (a) and (b) (but costs may or may not be
distinct in Parts (c), (d), and (e)).

A cheapest edge is an edge in which c(i, j) is the smallest.

A most expensive edge is an edge in which c(i, j) is the largest.

(a) If the costs are distinct, then the minimum spanning tree does not
contain a most expensive edge.

(b) If the costs are distinct, then the minimum spanning tree is unique.

(c) A cheapest edge is always part of the minimum spanning tree.

(d) There always exists a minimum spanning tree that contains a cheap-
est edge.

(e) The value of the minimum spanning tree must be at least N .
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6. For each of the statements below indicate whether the statement is always
TRUE, by writing “TRUE” otherwise write “FALSE.” No justification is
required.

This question refers to an assignment problem in which there are N people
and N jobs. The benefit of assigning person i to job j is a(i, j). For each
i, j = 1, . . . N , a(i, j) is a positive integer. A feasible assignment associates
each person with one job and each job with one person. A solution to the
assignment problem is a feasible assignment that generates the largest
total benefit. The value of an assignment problem is the total benefit
generated by the solution.

(a) The assignment problem has N ! feasible assignments.

(b) The solution to the assignment problem will also solve the assignment
problem obtained by multiplying all benefits by 10.

(c) The solution to the assignment problem will also solve the assignment
problem obtained by adding 4 to all benefits.

(d) The solution to the assignment problem will also solve the assignment
problem obtained by adding 2 to a(1, j) for all j = 1, . . . , N .

(e) Suppose that the solution to the assignment problem involves assign-
ing Person 1 to Job 1. Change the problem by adding one to a(1, 1),
leaving all other benefits fixed. The value of this new problem must
increase by exactly one.

(f) Suppose that the solution to the assignment problem involves assign-
ing Person 1 to Job 1. Change the problem by subtracting one from
a(1, 1), leaving all other benefits fixed. The value of this new problem
must decrease by exactly one.
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Iteration 1 2 3 4 5 6
1 0∗ 6 2∗∗ 4 8 3
2 0∗ 5 2∗ 4 7 3∗∗

3 0∗ 5 2∗ 4∗∗ 7 3∗

4 0∗ 5∗∗ 2∗ 4∗ 6 3∗

5 0∗ 5∗ 2∗ 4∗ 6∗∗ 3∗

7. The table above comes from a computation for a shortest-route problem,
using the algorithm that I presented in class. The nodes in the network are
connected by directed edges that have non-negative costs. It is possible
that there is no direct path from Node i to Node j. In this case, c(i, j) =
∞.

(a) What is the cost of the shortest route from Node 1 to Node 5?

(b) What is the shortest route from Node 1 to Node 5?

(c) Is it possible to infer from the table the cost of the shortest route from
Node 3 to Node 2? If so, what is the cost, what is the corresponding
route, and why do you know it. If not, can you provide an upper
bound for the cost? Why are you not sure whether it is actually the
lowest cost?

(d) In the grid below fill in as many of the costs as you can using the
information in the table above. (Put the value for c(i, j) in the ith
row and the j th column. If you do not have enough information,
write “NEI” (for “not enough information”). Notice that I filled in
the diagonal elements: c(i, i) = 0 for all i.) In this table, I want
direct costs (not the costs of a shortest route.)

i/j 1 2 3 4 5 6
1 0
2 0
3 0
4 0
5 0
6 0
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